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Abstract 

The Schrodinger-Virasoro Lie algebra SO is an extension of the Virasoro Lie algebra by 
a nilpotent Lie algebra formed with a bosonic current of weight | and a bosonic current of 
weight 1. It is also a natural infinite-dimensional extension of the Schrodinger Lie algebra, 
which - leaving aside the invariance under time-translation - has been proved to be a sym- 
metry algebra for many statistical physics models undergoing a dynamics with dynamical 
exponent z = 2 ; it should consequently play a role akin to that of the Virasoro Lie algebra 
in two-dimensional equilibrium statistical physics. 

We define in this article general Schrodinger-Virasoro primary fields by analogy with 
conformal field theory, characterized by a 'spin' index and a (non-relativistic) mass, and 
construct vertex algebra representations of SV out of a charged symplectic boson and a free 
boson and its associated vertex operators. We also compute two- and three-point functions 
of still conjectural massive fields that are defined by an analytic continuation with respect 
to a formal parameter. 
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Introduction 



The Schrodinger-Virasoro algebra sd is defined in |2H [39] as the infinite-dimensional Lie algebra 
generated by L„, Ym, Mp, n,p G Z, m G ^ + Z, with Lie brackets 

[Ln, Lp] = {n- p)Ln+p, [Ln, Yrn] = ( 2 ~ "i)^n+m, [Ln, Mp] = -pMn+p 

[Yrn, Y„,>] = {m- m')M^+rn', [^m, Mp] = 0, [M„, Mp] = (0.1) 

where n,p € 1^,171,171' G ^ +Z. It is a semi-direct product of the non centrally extended Virasoro 
algebra 

g = ciro := {Ln)n& (0.2) 
by the two-step nilpotent infinite dimensional Lie algebra 

f) = © (Mp)pez;. (0.3) 

resp. Mp (p £ 7j), may be seen as the components of L-conformal currents 
with conformal weight |, resp. 1. Note that the current Y is bosonic although its weight is a half- 
integer. The supersymmetric partner G of the Virasoro field appearing in the Neveu-Schwarz 
algebra (see [33] or [29j, §5.9) is also of weight |, but it is odd, which changes drastically the 
representation theory and the range of applications, the 'bosonicity' of Y accounting for the 
appearance of a space- dependence which is absent from usual (super) conformal field theory. 



This infinite-dimensional Lie algebra was originally introduced in [21] by looking at the 
invariance of the free Schrodinger equation in (l+l)-dimensions 

{2Mdt - dl)ip = 0. (0.4) 

Its maximal subalgebra of Lie symmetries (acting projectively on the wave function ip) is 
known under the name of Schrodinger Lie algebra, scf)^ (see [32l [Ml [35] ) , and can be embedded 
into sd as 

scfii = (L_i,Lo,Li) X (y_i,yi,Mo) =sl(2,M) k gat, 

2 2 

where gat - isomorphic to the three-dimensional nilpotent Heisenberg Lie algebra - contains the 
generators of Galilei transformations; the generators of scf)^ act on ip as follows: 

L-i = -dt, Lo = -tdt - ^rdr - X, Li = -t^dt-trdr-^r'^ -2\t (0.5) 

(generators of time translation, scaling transformation - with scaling exponent A = | in this case 
- and 'special' transformation); 

111 = -dr, Yi = -tdr - Mr, Mo = -M (0.6) 

22 

(generators of space translation, special Galilei transformation and phase shift). All together, 
these generate the following finite transformations [23 j: 
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where t = (3{t') 



_ at'+b 
ct'+d ' 



r = 



r' \J f3{t') for the Mobius transformations in 5L(2,M); 




(0.8) 



where 



t = t' , r = r' — a{t') = r' — at' — b 



(0.9) 



for the Gahlei transformations; 



^{t,r) — > eyip{M.^)ip' (t,r) 



(0.10) 



(7 constant) for the phase shifts. 

By a straightforward extrapolation of these formulas to Lie generators of arbitrary integer 
of half-integer indices, or - in other words - to arbitrary functions of time a(t), /3(t), 7(t), one 
finds a realization of the Lie algebra SD or of the Schrodinger-Virasoro group (defined in [39j) 
which exponentiates sd. 

The original physical motivation for introducing these algebras is the following. In the statis- 
tical physics of many-body systems far from equilibrium, it is well-established that a dynamical, 
time-dependent scale-invariance frequently arises, even in cases where the stationary state does 
not have a static, time-independent scale invariance. The scaling generator Lq describes a dy- 
namics with dynamical exponent z = 2, characteristic of a diffusion-like evolution; a signature 
of this behaviour is the existence of scaling functions Gji, Qc for the two-time response and 
correlation functions defined as (see [36] ) 



for some scaling exponents a, 6 (at least in the scaling limit ^2 ^ ^ij f2 — i'i 00), so that, 
loosely speaking, the time coordinate scales as the square of the space coordinate(s). For a simple 
illustration, consider the phase-ordering kinetics of a simple magnet (described in terms of an 
Ising model) with a completely random initial state, which at the initial time t = is brought 
into contact with a thermal bath at a sufficiently low temperature so that more than one stable 
thermodynamic state exists. Then indeed one observes a z = 2 dynamical scaling, as reviewed 
in [9]. This is also the case for many different models at criticality, described for instance by a 
stochastic Langevin equation or a master equation, for which an equilibrium state does not even 
exist, see |21ll22j . Actually, much more can be said: in all these models, there is evidence for the 
existence of a dynamical invariance under the subalgebra age^ = {Lo,Li) x (y_j_i,Mo) C scfji 
where the time-invariance generator has been omitted, allowing for an ageing behaviour. Note for 
the sake of completeness that the interest has shifted very recently to the case z ^ 2, which is the 
general law for systems quenched exactly onto their critical temperature, or else for equilibrium 
critical dynamics, and may also apply to the physically completely different situation of Lifschitz 






(0.12) 
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points in equilibrium spin systems with uniaxial competing interactions (for a recent review on 
the available evidence for this, see [22\ [22l [371 112j): however, the symmetry algebras seem to 
be much more complicated in this case, and they are not directly related to the Schrodinger 
algebra. 

Coming back to algebra, let us rephrase the physical consequences of symmetry in a mathe- 
matical way. Let 

p:g^ ($(t,r) ^ p{g){<!>{t,r)) = ^g{g.{t,r))) 

be any realization of the Schrodinger Lie group Schi exponentiating scf)]^ as coordinate trans- 
formations acting projectively on a wave-function ^(t,r): the statistical field ^{t,r) is called 
quasi-primary if its n-point functions or correlators (<I>(ti, ri) . . . r„)) transform covariantly 
under p, namely: 

{<^g{g.{ti,ri))...<^g{g.{tn,rn))) = («>(ti, n) . . . r„)). (0.13) 

The predictions of this invariance principle have been extensively developed for different types 
of realizations of scf)]^, including the mass M realization given by formulas ()0.5|0.6p above 
which define scalar massive fields, and tested with success for relevant physical systems - see 
for instance [26], [36] or [27] for a review. A prominent feature of this type of covariance is the 
Bargmann superselection rule with respect to the mass: n-point functions of fields . . . , 
with respective masses M.i, . . . , Ain cancel except if Mi + . . . + = 0. 

The reader should he aware that the mass plays here a very different role by comparison with 
relativistic physics or with critical phenomena at equilibrium: it is the central charge of the 
Galilei algebra, and massless fields have in general no physical interest. Also, it has absolutely 
nothing to do with a parameter measuring the distance away from criticality (actually, some 
kinetic models at criticality have been proved to exhibit an age-invariance!). 

The original project was to build the infinite-dimensional Lie algebra sD into the cornerstone 
of a 'Schrodinger-field theory' with applications to z = 2 dynamical scaling, by analogy with 
the role played by the Virasoro algebra in the systematic study of two-dimensional statistical 
physics at equilibrium near the critical temperature. The 'coinduced' representations of SD 
introduced in [39J and extensively used here are undoubtedly the natural Schrodinger- Virasoro 
primary (classical) fields to look at, and extend the tensor-density modules J-\ or classical 
primary fields (or weight currents) of Dir. However, something fails right from the start since 
no interesting (even linear!) wave equation exhibiting this infinite-dimensional Lie algebra of 
symmetries has been found. It seems difficult or impossible to find such wave equations (at least 
scalar wave equations), see [11] . There may be a way to escape this problem, see [41], but it 
requires the use of a doubly-infinite Lie algebra of invariance (actually, a 'double' extension of the 
pseudodifferential algebra on the line) of which 5d appears to be a quotient. This complementary 
approach is currently under investigation. 

The purpose of this paper is to construct explicit non-trivial vertex algebra representations 
of 5d. We hope that this is only a first step towards a deeper understanding of Schrodinger- 
invariant fields, and that a connection with actual physical models can eventually be established. 
Indeed, these representations open the road to an explicit computation of n-point functions from 
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the knowledge of the symmetries. In particular, some three-point functions (which are known 
to depend on an arbitrary scaling function for massive scf)]^-covariant fields) are computed here 
for a conjectural sd-covariant massive field which must still be spelled out completely. 

The paper is organized as follows. 

Section 1 is introductory on the Schrodinger-Virasoro Lie algebra and its representations. 
Most of the material contained here is adapted from [39j. However, after developing the theory a 
while, it appeared necessary to deal with an extended Schrodinger-Virasoro Lie algebra denoted 
by so that is defined here for the first time. The extension of the results of [39] to so is more or 
less straightforward. The Lie algebra so appears to have three independent central extensions (in 
other terms, three central charges), whereas so admits only one central extension. The centrally 
extended Lie algebra is denoted by s~Oc,k,o (see Lemma 1.2). 

Section 2 deals mostly with the definition of so- and s~0-primary fields, see Definition 2.1.1. 
They depend on the choice of a 'spin representation' p of sOq = {Lq) x {Yi,Mi) C so or 
sOo = {Nq) k SOq C SO (see below for a definition of Nq). It appears from the examples that 
so-primary fields are also characterized by a matrix acting on the representation space of p, 
which is unexpected from a mathematical point of view. 

Section 3 is devoted to the construction of the ab-theory. The name refers to the fact that the 
s~D fields (see Definition 3.1.3) are built out of two independent fields of conformal field theory, 
namely a free boson a{z) and a charged symplectic boson b{z) = {b~^ (z) ,b~ (z)) . Note that the 
complex variable z becomes the real time variable t in this theory and the conjugate variable 
z apparently leaves the picture. The so-called polynomial fields ^j^k and generalized polynomial 
fields a^j,k, J, A; G N, a G M - all of them so-primary fields - are constructed (see Theorems 3.2.4 
and 3.2.5) as polynomials in the fields a, b, the a^j,k involving furthermore the vertex operator 
Va built from a. The space-dependence of the fields appears from the repeated application of 
the generator Y_i, interpreted as a space-translation. 

2 

In Section 4, we compute the two- and three-point functions of the polynomial and general- 
ized polynomial fields introduced in Section 3. 

Finally, Section 5 conjectures the existence of massive fields, see Theorem 5.1 and Theorem 
5.2 for a definition, whose two-point and (at least in one case) three-point functions are explicitly 
computed. 

1 On the extended Schrodinger Lie algebra sb and its coinduced 
representations 

Recall from the Introduction the realization of scf)i as Lie symmetries of the free Schrodinger 
equation 

{2Mdt-d^)i^{t,r)=0 (1.1) 

(see formulas ()0.5p and (j0.6p above). Suppose now that the wave-function ijj = ipMiiT^) is 
indexed by the mass parameter. Then a 'trick' first used in [23] (see also [21] for an application 
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to the Dirac-Levy-Leblond equation and [50] for other invariant equations), with far-reaching 
consequences, is to consider (formahy) a Laplace transform of the Schrodinger equation with 
respect to the mass: the Laplace transformed field 

4^{t,r,C) ■■= I ^Mit,r)e^^ dM (L2) 

satisfies the field equation A^/;(t,r, (^) = 0, where 

A := 2dtd(^ - dl (L3) 

is formally equivalent to a Laplacian in three dimensions. Transforming accordingly the Lie 
symmetry generators in 5c\)i is equivalent to 'replacing' by 9^ in (j0.51 10.6p . 

The difference with the usual fixed mass setting is that the new wave equation has more 
symmetries (as well-known, the Laplacian in three dimensions is conf3-invariant, where conf3 = 
so (4,1) is the Lie algebra of infinitesimal conformal transformations), including in particular 
A^'o = —rdr — 2(d(^. This new generator of confs acts as a derivation on 5cl)i in the above 
realization, namely 

[A^o,^o.±i] =0, [No,Y^i] = Y^i, [No,Mo] = 2Mo. (L4) 

2 2 

One obtains thus a 7-dimensional maximal parabolic Lie subalgebra of conf3 (see [23j), scf)x = 
(A'o) X sci)i. Note that an embedding of the Schrodinger algebra into the conformal algebra (in 
d = 3 space dimensions) had been defined in a different context in [lOj . 

Definition 1.1 

Let St) D 5d be the (abstract) Lie algebra generated by Ln, Mn, Nn (n G Zj andYm (m G \+'^) 
with the following additional brackets: 

[Ln, Np] = -pNn+p, [Nn, Np] = 0, [Nn, Yp] = Y^+p, [Nn, Mp] = 2Mn+p (1.5) 



Note that the Nn, n G Z, may be interpreted as a second L-conformal current with conformal 
weight 1. 

Lemma 1.2 

1. Let 

f) = (y^ I m G i + Z) © (Mp I p G Z) (1.6) 

and 

f) = (A^„ I n G Z) © I). (1.7) 

Then f) and f) are Lie subalgebras of 5b and one has the following double semi-direct product 
structure: 

= {Nn I n G Z) X f], sb = Ciro x ^. (1.8) 
The Lie algebra [) is solvable. 
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2. The Lie algebra 5ci)i = (Nq) x 5ct}i is a maximal Lie subalgebra o/sd. 

3. The Lie algebra sd has three independent classes of central extensions given by the cocycles 

ciiLn,Lm) = ^n{n'^ - l)5n+m,o; (1-9) 

C2{Nn,Nm) = nSn+mfi] (1-10) 
C3{Ln,Nm) = n'^6n+mfi (l-H) 

(the zero components of the cocycles have been omitted). 
Proof. 

Points 1 and 2 are straightforward. Let us turn to the proof of point 3. 

The Lie subalgebra sd is known (see [21] or [39]) to have only one class of central extensions 
given by the multiples of the Virasoro cocycle ci; it extends straightforwardly by zero to 50. 
Then any central cocycle c of SO which is non-trivial on the A^-generators may be decomposed 
by Lg-homogeneity (see [17] ) into the following components 

c{Nm,Np) = QmSm+p, c{N.ra,Mp) = bmSm+p, c{Lm,Np) = Cm^m+p (1-12) 

The bm are easily seen to vanish by applying the Jacobi relation to [Nn, [Ym, Yp]] where n+m+p = 
0. The same relation applied to [L„, [Nm,,Np]], respectively [Ln, [Lm,Np]], yields pam = map, 
viz. (n + m)(c„ — Cm) = {n — m)cn+m, hence Um = Km and Cm = arv? + (3m for some coefficients 
K,a,f3. The coefficient /3 may be set to zero by adding a constant to Nq. Finally, the two 
remaining cocycles are easily seen to be non-trivial and independent. □ 

Definition 1.3 

Let sOc,K,a be the central extension of sv corresponding to the cocycle cci + AtC2 + acs, i.e. 
such that 

[Ln,Lm] = {n-m)Ln+m + Y^Cn{n'^-l)Sn+m,0; [Nn,Nm] = Kn6n+m,0; [Ln,Nm] = -mNn+m+Cin^ ^n+mfl- 

(1.13) 

We shall now define a series of representations p of so, that we call coinduced representations, 
which are the analogues of the density modules or conformal currents of the Virasoro represen- 
tation theory. They are indexed by a 'spin' parameter p corresponding to the choice of a class 
of equivalence of representations of the subalgebra sOq C so (see below for a definition of sOq). 

The Lie algebra so is provided with a graduation 5 defined by 
5{Ln) = nLn, 5{Nn) = n, 5(y„) = (m-^)y„, 5(M„) = (n-l)M„ (n e Z,m e i+Z) (1.14) 
Note that 5 = ad(-iiVo - ^o) = - [Lq,]. 
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Set SD„ = {X G so I 6{X) = nX} = iV„, y„^i , M„+i) for n = 0,1,2,... and sD_i = 
(L_i, y_ 1 , Mq). Note that we choose to exclude A^_i from 5D_i although 6(N^i) = —N^i. 

2 

Then fsd := ©„>_iSd„ is a Lie subalgebra of 5D. The subspace 5d_i is commutative and the Lie 
subalgebra sDq := {X G sd | S{X) = 0} is a double extension of the commutative Lie algebra 
{Yi,Mi) = by Lo and Nq as follows: 

2 

iho = {{Lo) © {No)) K {Yi,A'h) (L15) 

2 

Namely, one has 

[Lo,Yi] = -in, [Lo,Mi] = -Mi; [7Vo,i^o] = 0, [Nq^Yi] = Yi, [No,Mi] = 2Mi. (L16) 

2 2 2 2 2 

Note that Nq acts by conjugation as —2Lq on sdo- Also, the adjoint action of 5do preserves sd_i, 
so that 5do © sd_i = sdo x SD_i is a Lie algebra too. Actually, fsd appears to be the Cartan 
prolongation of Sdo ^ sD_i (see [1]): if one realizes sDq x sd_i as the following polynomial vector 
fields! 

L_i = -dt, Y_i = -dr, Mo = -d^ (1.17) 

Lo = -tdt - l-rdr, No = -rdr - 2(5^ Yi = -tdr - rdc_, Mi = -td^ (L18) 
then the Lie algebra sc_i © sdo © sdi © . . . defined inductively by 

5\}n:={X eVn\[X,5\}-l](Z5\}n-l], n>l (L19) 

(where Vn stands for the vector space of homogeneous polynomial vector fields on of degree 
n+1) defines a vector field realization of fsd which extends straightforwardly into a representation 
of sd. Namely, let / G C[t,t"^]: then 

Lf = -f{t)dt - lf'{t)rdr - \f"{tyd^ (1.20) 

Nf = -f{t){rdr + 2Cd^) - ^fityOc (1.21) 

Yf = -f{t)dr - f'{t)rdc (1.22) 
Mf = -f{t)d^ (1.23) 

The restriction to sd of the above realization of sd extends (after a Laplace transform) the 
mass M realization of scfii, see formulas (10. 5p . ()0.6p and was originally obtained in [21j. 

Let us now find out the coinduced representations of fsd. The work was done in [39] for the 
Lie algebra sd. The generalization to sd is only a matter of easy computations. Hence we merely 
recall the definition and give the results. 

^Note that this reahzation was originaUy obtained in |23) . where the generator denoted by A'^ coincides with 
Lo-^^-tdt+Cdi;. 
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Let p he a, representation of 5do = ((-^^o) © (-^o)) ^ {Yi,Mi) into a vector space Tip. Then p 
can be trivially extended to st)+ = ©i>oSOj by setting p{Yli>o^^i) — Standard examples are 
provided: 

(i) either by choosing a representation p of the {ax + 6)-Lie algebra {Lq, Yi) and extending it 
to 5do by setting 

p{No) = -2p{Lo) + ^Id (PGR), p{Mi) = Cp{Y.f {C G M); (1.24) 

2 

(ii) or by choosing a representation p of the {ax + 6)-Lie algebra (Lq, M\) and extending it to 
SDo by setting 

p(iVo) = -2p(Lo) + /ild e M), ) = 0. (1.25) 

Actually, one may show easily that finite-dimensional indecomposable representations of 
(Lq^Yi) or (Lo,Mi) are given (up to the addition of a constant to Lq) by restricting any 

2 

finite-dimensional representation of s[(2,M) to its Borel subalgebra or traceless upper-triangular 
matrices. (On the other hand, the classification of all indecomposable finite-dimensional repre- 
sentations of SDo is probably a very difficult task). It happens so that all examples considered 
in this article are obtained as in (i) or (ii). 

Let us now define the representation of fsD coinduced from p. 
Definition 1.4 (see [39]) 

The /9- formal density module (Tip^p) is the coinduced module 

Hp = Rom^^s-„^){U{fit>),np) 

= {(/. : U{js^) Hp linear | (t){UoV) = p{Uo).(t){V), Uq G U{5h+),V G U{fs'\})}} 

(1.26) 

with the natural action o/Z//(fsD) on the right 

{dp{U).^){V)=(t>{VU), U,VeU{j^v). (1.27) 

These abstract-looking formal density modules may be identified with the following repre- 
sentations by matrix first-order differential operators. 

Theorem 1.5 

The fsti-module {7ip,p) o/fsD is isomorphic to the action of the following matrix differential 
operators on functions: 

p{Lf) = (-f{t)dt - \f'{t)rdr - -/'ity^d^ ® Idn, + f'{t)p{Lo) + \f"{t)rp{Y^) + i/'" (t)rV(Mi); 
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+nt)rp{Y.) + {\f"{t)T^ + 2C/(t))p(Mi); 
P{Yf) = {-f{t)dr - f{t)rd^) ® Idn, + nt)p{Y^) + f"it)r p(Mi); 
p{Mf) = -f{t)d^ Idr,^ + fit) p(Mi). 

(1.28) 

It may be extended into a representation of SX> by simply extrapolating the above formulas to 
The representations of 5d thus obtained will be called coinduced representations. 

2 The Schrodinger-Virasoro primary fields and the superfield 
interpretation of so 

Just as conformal fields are given by quantizing density modules in the Virasoro representation 
theory, we shall define in this section sd-primary fields by quantizing the coinduced representa- 
tions p introduced in the previous section. 

2.1 Definition of the Schrodinger-Virasoro primary fields 

Our foundamental hypothesis is that correlators of 5d-primary fields (<l>i(ti, ri, Ci) • • • ^n{tn,i~n, Cn)) 
should be singular only when some of the time coordinates coincide; this is confirmed by the 
computations of two- and three-point functions for scalar massive Schrodinger-covariant fields 
(see [21j or |23J, or also Appendix A). Hence one is led to the following assumption: 

A so-primary field ^{t, r, () may be written as <I>(t, r, (") = ^^^^\t, r, C)e^, where (e^)^=i,...,dimHp 
is a basis of the representation space Tip (see Section 1) and 

<^>^'^\t,r,C):=Y.'^^^^'Ht,Cy (2.1) 

where ^ varies in a denumerable set of real values which is bounded below (so that it is possible 
to multiply two such formal series) and stable with respect to translations by positive integers. 
It may have been more logical to decompose further <I>('^)'^(i, () as $(^)'^''^(t)^'^, as we shall 
occasionally do (see subsection 3.2), but this leads to unncessarily complicated notations and 
turns out to be mostly counter-productive. In any case, is to be seen as a ^-indexed 

quantum field in the variable t, the latter playing the same role as the complex variable z of 
conformal field theory, implying the possibility of defining normal ordering, operator product 
expansions and so on. Note that the Wp-components of the field $ are written systematically 
inside parentheses in order to avoid any possible confusion with other indices. 
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Suppose now that sh (or any of its central extensions) acts on $ by the coinduced represen- 
tation p of Theorem 1.5. This action decomposes naturally as an action on each field component 
$(m)>€ as follows (where Einstein's summation convention is implied): 

[Lm,^^^^'Ht,0] = -t"''^^dM^'^'^{t,0 - |(m+ l)i"*$('^)'«(t,C) - ^{m + l)mt'"-^^<;^^^'^'^-^ 

+{m + l)t"'p{Loru^^^^'Ht,C) 

+ J(m + i)mr-V(n)^;$^"^'^-Hi, c) 

+^(m + l)m(m - 1)^^'^ p{Mi)^^^''^'^-^{t, Q; (2.2) 
[Nm, ^^^^'Ht, 0] = -i"*(^ + 2Cdc)^(''^'Ht, - i5c$('^)'«-2(i, C) + i"^p(iVo)i^$M'«(t, C) 

+ mt™-V(yi )(;^^")'^"'(t, c) + ^^^^^^^=^i'"-2p(Mi)^;$(^)'«-2(t, c) 

+ 2mi— ^Cp(Mi)i;$(^)'«(t,C); (2.3) 



[F^,$(^)'«(i,C)] = ~t"'+Hc + i)^^^^'^^\t,c) - (m + ^)r-5a^$M'«-i(i,c) 

+(m + ^)(m-^)r-3/V(Mi)(;$M'«-i(t,C); (2.4) 

[M„,$('^)'«(t,C)] = -t"^9c$('^)'«(t,C) V(Mi)(;$(-)'«(t,C). (2.5) 

In order to define ibc,K,a-primary fields, one needs first the following assumption: there exist 
four mutually local fields 

L{t) = ^ L„t-"-2 , Y{t) = Ynt-^-^/^ M{t) = ^ M„t-"-\ N{t) = ^ iVnr"-^ 

neZ 

with the following OPE's: 



so that L is a Virasoro field with central charge c; 
and 

L(t,)iV(i2) ~ + j^^—^, + ^^^^ (2.8) 
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so that Y (resp. M) is an L-primary field with conformal weight | (resp. 1) and is primary 
with conformal weight 1 up to the term ^^_^_^^^yi due to the central extension; 

Y{ti)Y{t2)r^-^ + ^^^^, y(ti)M(t2)~0, M(ti)M(t2)~0 (2.9) 

ti-t2 {tl-t2Y 

and 

7V(ti)M(t2) ~ iV(ti)y(t2) - N{t,)N{t2)r. ^ (2.10) 

h-t2 ti-t2 [tl-t2Y 

which all together yield in mode decomposition the centrally extended Lie algebra sDc,K,a- 

We may now define what a p-sti-primary field is. Note that we leave aside for the time 
being the essential condition which states that the values of the index ^ should be bounded from 
below; we shall actually see in subsection 3.2 that our free field construction works only for fields 
$(/^) = such that $('^)'? = for all negative indices ^. For technical reasons that will 

be explained below, we shall also define sd-primary fields and {Nq) ix sd-primary fields. 

In the following definition, we call (following [29j) mutually local fields a set Xi, . . . ,Xn of 
operator-valued formal series in t whose commutators [Xi{ti), Xj{t2)] are distributions of finite 
order supported on the diagonal ti = t2- In other words, the fields Xi, . . . , Xn have meromorphic 
operator-product expansions (OPE). 

Definition 2.1.1 

1. (s^-primary fields) 

Let p : sdo ^0~^p) ^ finite- dimensional representation of sVq. A /o-sd-primary field 
$(i, r, C) = Y^^^^^\t,r,()efj. is given (at least in a formal sense) as an infinite series 

$M(t,r,C) = ^^>(^)'«(t,C)r« 

where ^ varies in a denumerable set of real values which is stable with respect to integer 
translations, and the $('^)'^(t, Q are mutually local fields with respect to the time variable t- 
which are also mutually local with the 5\}-fields L{t),Y(t), M{t) - with the following OPE: 

r(f ^<b(pU(f n d^('^)^t2,0 (K)^(^)-nt2,C)-p(^o)i:<&('^)'nt2,C) 

L[ti)(p'^'^'^''[t2,(^) ^ + — 

tl-t2 \t1-t2Y 



+ 



ia^$(M),c-2(i2, Q) _ p(yi )(;$M-?-i(t2, c) 

{tl-t2f 

f^(Mi)i^ci>H.5-2(t2) 



{tl-t2Y 



(2.11) 



Yit ^<,i^u(t n a + e)-^^^^'^"Ht2,c) ^ gc^^^^-^-Ht2,c)-p(y|)(;^(-)-^(t.c) 

{h - t2Y 
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II — l2 1*1 — C2j 

('(-/V'o) X sv-primary fields) Let p : sDq = (-^o) ^ sOq ^^p) be a finite- dimensional 
representation of sXiq, and p he the restriction of p to SDq- A p-{Nq) x 5D-primary field 
^{t,r,Q is a p-sx> -primary field such that 

[iVo,$('^)'«(t,C)] = (C + 2Cac)$('^)'«(i,C) -p(iVo)i;$(^)'«(t,C). (2.14) 

3. (ffo -primary fields) Let p : 060 = (-/Vq) xbOq — C,ijip) be a finite- dimensional representation 
0/ 5Do and 17 : Hp be a linear operator such that [p{Lo),Q] = ft, [p{Yi),Q] = 

[p{Mi),Q] = [p{NQ),fl\ = 0. Then a (p, fi)-si)-primary field is a p\s<oo-5K) -primary field 
^{t,r,Q, local with N, such that 

h - h 

+ 



piM,ru<^('^)'^-'{t2,o 

In the case fl = 0, we shall simply say that $ is p-sb -primary. 



(2.15) 



Remark : Mind that in these OPE and in all the following ones, ( is considered only as a 
parameter, as we mentioned earlier. 

The operator fl for 5t)-primary fields does not follow from the coinduction method. However, 
it appears in all our examples, including for the superfield £ with components L,Y, M, N with 
the adjoint action of sv on itself (see §2.2 below). 

Proposition 2.1.2 

Suppose ^ is a {p,Q)-sv -primary field. Then the adjoint action of on <1> is given by the 
formulas of Theorem 1.1 except for the action of the N -generators which are twisted as follows: 

p{Nf) = [-fmrdr + 2(80 - If'ityd^) ^ Idw. + /(i)p(^o) 

+ f'{t)rp{Y^) + {\f"{ty + 2C f'{t))p{M,) + f{t)n; 

(2.16) 



Proof. Straightforward computations. One may in particular check that the twisted repre- 
sentation is indeed a representation of 5D. □ 

Note that the usual conformal fields of weight A are a particular case of this construction: 
they correspond to p-st)-conformal fields $ with only one component $ = ^^^\t), commuting 
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with A^, y, M, such that p is the one-dimensional character given by p{Lq) = —A, p{Nq) = 



2.2 A superfield interpretation 

Similarly to the case of superconformal field theory (see [20], §5.9), one may consider the fields 
L,Y, M, N as four components of the same superfield C To construct C, we first need to go 
over to the 'Heisenberg' point of view by setting 



and similarly for Y, M, A^, the quantum generators Y_i, resp. Mq corresponding to the infinites- 

2 

imal generators of space, resp. (^-translations. 

In the following, the sign d alone always indicates a derivative with respect to time. Differ- 
ences of coordinates are abbreviated as ti2 = ti — t2, ri2 = ri — r2, Ci2 = Ci ~ (2- 

Lemma 2.2.1 

1. The Heisenberg fields L,Y , N , M read 



p(yi) = p(Mi) = o. 

2 



Z(t,r,C) :=e^^^»e' -iL{t)e 




(2.17) 



L{t,r) = L{t) + -rdY{t) + j9^M(t); 

Y{t,r) = Y{t) + rdM{t); 

M{t) = M{t); 

2 

N{t, r, C) = N{t) - rY{t) - ^—dM{t) - 2CM{t). 



(2.18) 



2. Operator product expansions are given by the following formulas: 



L{ti,n)L{t2,r2) 



dtMt2,r2) ^ 2L{t2,r2)-\ri2dt,Y{t2,r2) 

tl2 ti2 




(2.19) 



+ 



§ + lrf,M{t2) 

'-12 



L{ti,ri)M{t2) 



Lituri)Y{t2,r2) 



Y{ti,n)L{t2,r2) 




L{ti,ri)N{t2,r2,C2) 



dNit2,r2,C2) , N{t2,r2,C2) - kri2dr,N{t2,r2X2) 
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V *12 il2 / 

, iV(^2,r2,C2) 

'-12 

y(ti,ri)y(t2,r2) ~ + y(ti,ri)M(t2) ~ M(ti)M(t2) ~ 0; 



tl2 

-ri2dr,Y{t2, ra) + F(t2, r2) 2ri2M(t2) 



tl2 



■-12 



y(ti,ri)iV(t2,r2,C2) 7 h 72 ; 

tl2 112 

m,r^,C^)Mit2) ^ M(ti)iV(t2,r2,C2) ~ ^^^^^^^^'^^^ 

il2 112 

^^{ti,ri,Qi)l\[t2,r2,Q2) ~ h ;7 ^2 + 72~- 

\ 512 ^ Cl2 / ^12 

(2.20) 

3. A field $ = YlfM is a {p, VI) -SX) -primary field if and only if the following relations hold 

(we omit the argument {t2,r2-,C,2) of the field <^ in the right-hand side of the equations): 

L{ti,ri)^^'^\t2,r2,C2) ~ — To —[o 



tl2 2 t^ 



12 ''12 



irl,d^^(^) + r,2p{Y^r^^(^^ 3 ^2^p(Mi)(^#M 



+ ^ 73 i ' ^^-^'^ 

''12 ^ ''12 



tl2 Ci2 *12 ''12 

(2.23) 



il2 <-i2 

) 



112 



^l!lL^ ^ ^ — ( 2.24) 

''12 '-12 



Putting all this together, one gets: 
Theorem 2.2.2 

Set c = K = a = 0. Then: 
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(i) The four-dimensional field 

( ^ \ 

Y 

M 
\N J 

is p-st) -primary for the representation p defined by: 



C{t,r,0 = 



it,r,0 



(2.25) 



/ -2 



\ 



-1 / 



/ 



-2 







0/ 



/ -1 \ 




V / 

(2.26) 



(a) It is not p — -primary. 



Proof. Straightforward computations. Note that p(Mi) is proportional to p(Yi)^, see the 



remarks preceding Definition 1.4. 



So what happened ? Setting p{No) 



V 



-2 



, one gets a representation of 



0/ 



sdo = ((-^o) ffi (-^o)) (^i)^i) and >C looks p — sb-primary, except for the last term -if- in the 

_ _ 2 tl2 

above OPE AT.L. Fortunately, a supplementary matrix J7 as in Definition 2.1.1. (3) allows to 
take into account this term: 



Theorem 2.2.3 

Set c = K = a = 0. Then C is {p, il) -sb-primary if one sets = 
Proof. Straightforward computations. 



/ -1 \ 





V / 



3 Construction by f/(l)-currents or a6-theory 

Now that the definition of what is intended by sh-primary has been completed, we proceed to 
give explicit examples. The rest of the article is devoted to the detailed analysis of a vertex 
algebra constructed out of two bosons (called : ab-modet) containing a representation of SD and 
5t)-primary fields of any Lo-weight. 
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3.1 Definition of the sD-fields 

We shall use here a classical construction of current algebras given in all generality in [29] . Let 
V = Vq (B Vi he a (finite-dimensional) super- vector space, with even generators a^, i = 1, . . . , N 
for Vq and odd generators 6"*"'*, z = 1, . . . , M for "Vj (supposed to be even-dimensional). 

Definition 3.1.1 

1. The bosonic supercurrents associated with V (see 129\/ . section 3.5) are the mutually 
local N bosonic fields a*(z) = X^^g^ On-^""""^ and the 2M fermionic fields 6^'*(z) = 
X^nez ^^ '^""^^ wii/i the following non-trivial OPE's: 

«'(^VH~(7^ (3.1) 

h^^\z)b^^w) (3.2) 
or,equivalently, with the following non-trivial Lie brackets in mode decomposition 

[al^, ai^]- = nS''^ Sn+m,o (3.3) 

[b+'\b;^^+ = n6''^6n+m,o- (3.4) 

2. The fermionic supercurrents associated with V (see f2^. sections 2.5 and 3.6) are the 
mutually local N fermionic fields a'^{z) = '^nez^n^~"'~'^ '^^'^ (2M) bosonic fields 
6^'*(z) = X^ngz with the following non-trivial OPE's: 

a\zy{w) ~ (3.5) 
z — w 

z — w 

or,equivalently, with the following non-trivial Lie brackets in mode decomposition 

= ^'''^ ^n+mfl (3.7) 

[6+^6-'^]_ = 5^'^,5„+^,o. (3.8) 

Remark: The bosonic supercurrents 6^'* (with unusual parity considering their half-integer 
weight) are sometimes called symplectic bosons in the physical literature, see for instance [TSllH]. 

Proposition 3.1.2 (see p9], sections 3.5 and 3.6) 

Consider the canonical Fock realization of the superalgebra generated by ,b^'^ (obtained by 
requiring that a', 5*'^, i>Q, vanish on the vacuum vector |0) j. Then 

(0 I a'{z)a\w) I 0) = S'^i{z - w)-^ , (0 | 6±'^(z)6^'J'(u;) | 0) = ±5^'^'(z - w)-^ (3.9) 



16 



and 

(0 I a}{z)a\w) I 0) = 5^^^ {z - w)-\ (0 | h'^^%z)l>^^^ {w) \ 0) = ±5''\z - w)~^ . (3.10) 
One may build Virasoro fields out of these supercurrents, one for each type of currents: 

La{t) = \-a': (t), Lb{t) =: b+b' : (t) (3.11) 

with central charge 1, viz. —2; 

L-ait) = : a{da) : (t), L-,{t) = ^ (: b+dV : (t)- : ra6+ : (t)) (3.12) 

with central charge ^, viz. —1. 

For the appropriate Virasoro field, the bosonic supercurrents a*, ¥ are primary with confor- 
mal weight 1, while the fermionic supercurrents a*, are primary with conformal weight 
The simplest way to construct a Lie algebra isomorphic to an appropriately centrally extended 
sd with these generating fields is the following: 

Definition 3.1.3 

Let y = Vg © Vi with Vq = Ma and V\ = M6+ © mr . Then sd(o _i,o)-/ieWs L, N, Y, M may 
be defined as follows: 

L = La + Li with zero central charge; (3.13) 
N = — : b'^b~ : with central charge — 1; (3-14) 

Y =: ab+ : ; (3.15) 

M = 1 : {b+f : (3.16) 
Let us first check exphcitly that one retrieves the OPE (j2.6l2.7l2.8ll2.9l2.10p with this definition: 

2 . u ^ . . u ^ 2 : a{ti)b+{t2) : 2 : ab+ : (ta) , 2 : dab+ : (ta) 



r+ : b+{ti)a{t2) : : ab+ : (t^) , : adb+ : jt^) 

: db+{ti)a{t2) : : db+a : (ta) 



: b-db+ : (ti) : ab+ : (fa) 

ti —t2 ti — t2 

dYit2) j_ |y(t2) 



soL(ti)y(t2)~™ + (^. 

Similarly, 



(il - t2)2 (tl - t2)2 ti - t2 

: 6-56+ : (ti) : (6+)^ : (ta) ~ 



2.,. ^. ,:9&+&+:(t2) 



tl -t2 
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so L(t,)M(t,) ~ ^ + 
Finally, 

:6+(ti)6+(i2): 



Y{h)Y{t2) = : ab+ : ih) : ab+ : {t2) 



: {b+f : ih) : b+db+ : (^2) _ 2M(t2) aM(t2) 

and F(ti)M(t2) ~ 0, M{ti)M{t2) ~ 0, so one is done for the SD-fields L,Y,M. Then 

Nih)N{t2) =: 6+5- : (h) : 6+6- : (t2) ^ 
(the terms of order one cancel each other) ; 

: 6+56- : {h) : b+b' : {t2) ~ 

: 6-56+ : (ii) : 6+6- : (ia) ~ - 



hence L{h)N{t2) ~ ^ + finally, 



(ti-t2)2 
: 5(6+6-) : (12) : b+b- : fe) 

h - 12 ih - 

: 5(6+6-) : {t2) : 6+6' : (ts) 
h - 12 ih - t2Y 

y{t2) 



tl—t2 tl—t2 

N{ti)Y{t2) = - : 6+6- : (h) : ab+ : (is 

and 



tl-t2 



N{h)M{t2) = -\ : b+b- : (h) : (6+)^ : (ts) ~ 
Definition 3.1.4 

The constrained 3D-Dirac equation (or: constrained Dime equation for short) is the set of 
following equations for a spinor field (^1, ^2) = (^i(i, r, Q,(p2{t, r, Q) on M^; 

dr(t>o = dt(t>i (3.18) 

5^01 = 5^00 (3.19) 

5^01 = 0. (3.20) 



Tlieorem 3.1.5 

1. The spaee of solutions of the constrained 3D-Dirac equation is in one-to-one correspondence 
with the space of triples (h^jh^jhi) of functions of t only: a natural bijection may be 
obtained by setting 

2 

Mt, r, C) = (ho it) + (Kit)) + rhiit) + y5/i+(i) (3.21) 

Mt,r,Q= f hi{u) du-{-rh+{t) (3.22) 
Jo 
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2. Put 

2 

$(°)(t,r,C) = {h-{t) + Ch+{t)) + ra{t) + '^dh+{t) (3.23) 



and 

where 



$W(i,r,C) = (y" a)(t) + r6+(t) (3.24) 

a = -V'a„ haologt + vro, [ao,7ro] = l (3.25) 

^-^ n 

( $(0) \ 

field defined for instance in J 13^]. Then := ( ^^^-^ j is a 



is the logarithmic bosonic 
p-5t) -primary field, where p is the two-dimensional character defined by 

/>(Lo) = ("^ o), p{No)=(^^ o), p(yi) = p(Mi)=0. (3.26) 

3. The two-point functions C>'^''{ti,ri,Qi-t2,r2,C2) ■= (0| ^^>'\ti,ri,Ci)^^''\t2,r2,C,2) |0); 
= 0, 1, are given by 

CO.o = 1 _ cO'i = C^'O = r, C^'i = Int (3.27) 

w/iere t = ti - ^2, "r = - r2, C = Ci - C2- 

Remark. 

The free boson / a is not conformal in the usual sense since it contains a logarithmic term, 
contrary to the vertex operators built as exponentials of J a that we shall use in the following 
sections. In this very particular case, one needs to consider oq, ttq as a couple of usual annihila- 
tion/creation operators in order for the scalar product (0| (/ a)(ti)(/ a){t2) |0) to make sense, 
so that ao and ttq are adjoint to each other. The usual normalization is quite different. 

Proof. 

1. Let {(pjtp) be a solution of the constrained Dirac equation. Then ^^^p = dtd(^ilj = so 

V'(t,r,C) =V'o(t)+rV'i(t). (3.28) 

On the other hand, = d^^drtp = 0, = tpi and dr(j) = dttpo + rdtipi, hence, by putting 
together everything, 

(/.(t, r, C) = /°(t) + Mt)C + ^o{t)r + #i(t)y . (3.29) 



Now one just needs to set /iq := 0'^'^, h^ = ij^i and hi = ip^. 
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2. This follows directly from Definition 2.1 once one has established the following easy rela- 
tions 

L{t,)dh it,) ~ -^—j- + 2 (^73^ + J^^Zrj^ (3-30) 

Nit,)ib-it,) + Cb-'it,)) ~ -b-i^f+f'-i*^) (3.31) 

ti — 12 

N{ti)a{t2) ~ (3.32) 

.,„a..<,,.a.(^).flM.^ 

Y{t,){h-{t2) + Qh^{t2)) ~ (3.34) 

H - 12 

y tl a(t2 ~ ^ + 77 -Tyi 3.35 

ti - ^2 (ii - ^2)'^ 

y(ti)6+(t2) -0 (3.36) 

together with the fact that 6^, resp. a, are L-conformal with conformal weight \ (resp. 
1)- 

3. Straightforward. 

In particular, one retrieves the fact that the classical constrained Dirac equation is 5d- 
invariant, see [39] for a discussion and generalizations. Unfortunately, one can hardly say that 
this is an interesting physical equation. 

We give thereafter two other examples. They exhaust all possibilities of sD-primary linear 
fields of this model and are only given for the sake of completeness. 

Lemma 3.1.6 

1. The trivial field o^{t) is a p-Schrddinger-conformal field, where p is the one- dimensional 
character defined by 

piLo) = -L piNo) = -h p(n) = p(Mi)=0. (3.37) 
2 2 

The associated two-point function vanishes. 

$(0) 



- / (6(0) \ 

2. Put ^>(°)(t,r,C) = a{t) +rdb+ and $(^)(t,r,C) = -b+ ■ Then $ = f ^(^^ j is a p-so- 

primary field, where p is the two-dimensional representation defined by 

P{Lo) = ( _^ ) , p(iVo) = ( Q ) , P{Y^_) = ( Q J ) , p{Mr) = 0. 

(3.38) 

The two-point functions of the field <I> are given by 

C^fi = t-\ CO'I =Ci'0=Ci'i = 0. (3.39) 
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Proof. 



1. Straightforward. 

2. Follows from preceding computations. 

□ 

3.2 Construction of the generalized polynomial fields a^j,k 

We shall introduce in this paragraph more general fields. Take any polynomial P = P{b~ ,b'^ ,db~^ ,a 
where 

a){t):=-^an 1- ao log i + ttq, [ao,7ro] = l (3.40) 

is the usual logarithmic bosonic field of conformal field theory from which vertex operators are 
built. Since = if nm > and similarly for the commutators of any of the fields 

b~ ,b~^ , db'^ , a, J a, the normal ordering is commutative and the field : P : is well defined. 

Let us introduce first for convenience the following notation for the coefficients of OPE of 
two mutually local fields. 

Definition 3.2.1. 

Let A, B be two mutually local fields: their OPE is given as 

A{t,)B{t,) ^f^^ (3.41) 

for some fields Co{t), Ci{t), . . . ,Cp{t), . . . which vanish for p large enough. 
We shall denote by A(^j^^B, k = 0,1, . . . the field C^. 
Theorem 3.2.2. 

Let P be any polynomial in the fi,elds b^, db^ , a and J a. Then 

: dP : (t2) + ^^^+) + §^^'■^9-6+ + + i^}.) P ■■ ih) 



L{ti) : P : {t2) - -^^+ i2 



12 



'-12 ^ ''12 



.rf, , p., , (fe+<9,i +0b+0,, -b-0, )P:(/.) (b+O,, , + 0, 0, , ) P : (^2) 

Jy{ti)P[t2) ~ h 



*12 C12 



+ (3.43) 



'-12 
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: [ad-,- + db+da + b+dj,) P : (ta) : (b+Oa + d-,-dj^)P : (ta) 



Y{h):P:{t2) ^ '-^ + . 

tl2 Il2 

+ iMzZiM (3,44) 



Proof. 



Consider the monomial P = Pjkimn = (b~y {b'^)^{db'^ya"^{f a)" . Let us compute : 
P :, n > first. Apart from the contribution of the logarithmic field J a which has special 
properties, one may deduce the coefficient of the terms of order ^12 directly from 

general considerations (see [29j): the field (6"'')'^ (96^)'a™' is quasiprimary with conformal 
weight + ^ + m. The contribution from the field J" a reads 



: P : (t2) ~ ^ : : (ti) : P,fc,oo«™( j aT : + . . . 



: Pjkma"'+HI aT'^ ■ (^2) n(n - 1) : P,Mooa"^(J o)""^ : (^2) 
ti2 2 f 



12 

+ mn — 3 h . • • (o.4dJ 

*12 

in accordance with the Theorem. So, if we prove that L^^) '■ PjkimO '■ agree with (|3.42p for n > 2, 
we are done. One gets (leaving aside the poles of order 1 or 2) 



- : a : (ti)a™'(t2) ~ -m{m — 1) ^ h . • • (double contraction); 

2 2 ^ 1 



1 . „2 . ,^rnu ^ 1^.^ ,,(b-y(b+)n ab+ya"--^:(t2) 

''12 

(double contraction); 



2 




1 

2 ' 


: b+db- 


1 

2 ■ 


Vdb- 


1 

~2 


: b-db+ 


1 


b-db+ 



■-12 

.•L /'^;-^7■-l 



3 + . . . (simple contraction); 



jk (b-y-\b+)''-^db+ya'^ : (^2) 
1 t?^ 



12 

(6-)^-i(6+)'=(a6+)'-ia"^ : (ts) 



.4 



(double contraction); 



2 i 



12 

(double contraction); 



"-12 



jl : (S-)^'-i(6+)^(56+)'-ia'" : (ts) 

. ^ ^ ^ . \"^) ^ 

2 2 t-|^2 



• (h-V(f)h+\l ■ (^^\ j^iv^ \- ) ) ^ — ^v^fy i^^Q^x^ contraction) 



+4 

hence the result. 
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Let us consider now the OPE of N with P. The fields a and J a giving no contribution, one 
may just as weh assume that m = n = 0. Then 

^ / ifc:(fe-y-Mfc+)'°-M9fe+)':(t2) I ^.; :(6-y-Mb+)'';;M85+)'-i:(t2) 



adding the terms coming from a single contraction to the terms coming from a double contrac- 
tion. Hence the result. The OPE of M with P follows easily from the same rules. Finally, 

y(ti) : P : {t2) = ■.ab+: (h) : {b-y {b+fidb+^a^i [ a)" : (ta) (3 



: (6-y-i(6+)^(a6+)'a™+i(/'a)" : (^2) : {b~y{b+)''+^{db+ya"'{fa)''-^ : (ts) 
j h n 

b+{ti){: (ry(6+)'=(56+)'a'"-i(/a)" : (ta) :^ 



'^12 



. : (b-y-\b+)^{db+ya'^{J a)""-^ : (ta) . : (r «)" : (t 

11] h nij -o 



'■12 ''12 



(3 



(separating once more the terms coming from a single contraction from the terms with a double 
contraction) hence (I3.44p . □ 



In any case, the 5d-fields preserve this space of polynomial fields. The reason why we chose 
not to include powers of db~ or da for instance, or higher derivatives of the field 6"^, will appear 
clearly in a moment. Take a p-Schrodinger-conformal field $ = {^^^^)^ and suppose it has a 
formal expansion of the type as in subsection 2.1, with a varying in a set of 

real values of the same type as for ^, while the cJ)(m)'?''^ are polynomials in the variable J a, 6^ 
and their derivatives of any order. Suppose ^ for a negative value of ^. Then 

Cf)(A')iC~"li<'' 1 

^^^'^^^^'^ = y(o) = -{adi- + . . (3.49) 

hence $('^)'^~^''^ must include a monomial Pjkimn with m strictly less than for all the monomials 
m 

But this argument can be repeated indefinitely, going down one step ^ ^ ^ — 1 at a 
time, and one ends with a contradiction if negative powers of a are not allowed. The same goes 
for a since 

fl)(/i),5,o-— 1 1 _ 

A moment's thought proves then that if the are to be polynomials, then the indices 

^ and a should be positive integers and all the terms may be obtained from the lowest 

degree component fields <i)('^)''^''' by using Definition 2.1.1; in particular, Yj-Q^^^'^) = dj.^^^^ and 
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M(o)$^'^^ = d(^^^^^: by applying the operators 1^(0) M(o) to ^(f^^'^'^^ one retrieves the whole 
series ^^'^^ = E E^a=o ^^^^'^'^ W^^C- 

Now <^yf^'^^'^ may contain neither powers of db^ (otherwise Theorem 3.2.1 gives 
and formula (j2.1ip proves that this is impossible) nor powers of o, except, possibly, for fields 
of the type (b+)''a (otherwise Theorem 3.2.1 shows that 1^(2) ^^''^'^'O 7^ or L(2)^>(^)'°'° / or 
i;,^2^$(/^)'0'0 ^ 0, and this is contradictory with formula (j2.1ip or ()2.12p ). Higher derivatives 
of the previous fields would yield higher order singularities in the OPE with L for instance. 
Note also that powers of J a may be freely included under the previous conditions and entail no 
supplementary constraint. 

Hence (discarding fields such that $('^)'''''^ is linear in a, which are not very interesting, as one 
sees by considering the rather trivial action of the sd-fields on them and their disappointingly 
simple n-point functions), one is led to consider the following family of fields, where we make 

use of the vertex operator Va '■= expa /a (a G M), see [13] for instance. Vertex operators are 

2 

known to be primary; with our normalization, Va is L-primary with conformal weight 
Definition 3.2.3 

Set for a £ C, j, k = 0,1, . . . 

„</),-fc(t) =: {b-y(b+)'Va : (t) (3.51) 

and 

^jMi) = O0,,fc(t) =: (&~y(&+)' : (t). (3.52) 

All these fields appear to be the lowest-degree component fields of /9-sD-primary fields. The 

operator p(Yi) is trivial if a = 0; in the contrary case, p(Mi) may be expressed as a coefficient 

2 

times (p(Yi))'^, in accordance with the discussion preceding Definition 1.4. Since p is quite 

2 

different according to whether a 7^ or a = 0, and also for the sake of clarity, we will state two 
different theorems. 

Theorem 3.2.4 (construction of the polynomial fields <&j,fc) 

1. Set 

= E ( 7 ) C'" ^ {ry-^{b+)''+"^ : (t) (3.53) 

m=0 \ ^ 

and define inductively a series of fields ^^j^l'^ (p, ^ = 0, 1, 2, . . . j by setting 

'^%^'^'Ht,C) = -l--dl'^^f:{t,C) (3.54) 

and 

'^^t^^\t, C) = YTe'- + 9b+da)<f^t^ : it, (3.55) 
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Then ^J.^^ =0 for n> [j/2] and 



(3.56) 



defines a p-{Nq) k -primary field, p being the representation of sX)q defined by 



p{Lo) 



p(iVo) = - 



[i/2] 

-Id - f^Eji 



p(Mi 



b72] 

/i=0 

p(yi) = o 

/i=0 



(3.57) 

(3.58) 
(3.59) 

(3.60) 



where is the {[j/2] + 1) x {[j/2] + 1) elementary matrix, with a single coefficient 1 at 
the intersection of the p-th line and the v-th row. 

2. Set * = {^fl)j^k=o,i,...- Then ^ is a {p, Q.)-sb -primary field if p, $7 are defined as follows: 



p{Y.)^fl = Q; p{M,)^),- -.v.-v-,-2,.> 



\j{j - l)^ 



Pm^ = {j-^^ 



(0) 



(3.61) 



Remarks. 



1. Both representations p are of course the same; the passage from the first action on the 



<t^^l^ to the action on * is given by the relation 



*S = i-\rji3 - 1) . . . (i - 2/x + l)$fi,,.- 



(3.62) 



The second case in the Theorem is an extension of the first one when one wants to con- 
sider covariance under all iV-generators (not only under A/q), which makes things more 
complicated. 
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2. Formally, one has 

^5.^2 =: exp riadf,^ + db+da).^^f^ : (3.63) 

since Y^q-^ = dr = ad^^ + dh^da when applied to a polynomial 5d-primary field of the form 
P{b^ ,db'^ ,a). Hence, by the Campbell-Hausdorff formula 

exp(A + B)= exp ^ [B, A] exp A exp B, (3.64) 

valid if [A, [A, B]] = [B, [A, B]] = 0, one may also write 

2 

$51^ =: expra^s- exp ^db+d^- . (3.65) 



Proof. 

1. First of all, <1>('')''^ is well-defined only because the operators and adj^- +db~^da (giving 
the shifts /i ^ /U + 1 and ^ ^ C + 1) commute. Let us check successively the covariance 
under the action of M, Y,Nq,L. 

• One finds from (j3.45p 

M(o)<I>(°)'°(t,C) = 6+a-,-<J.W'0(t,C) = ^ ( M (i-m) : (6")^-"-i(6+)'=+-+i : {t)^ 
= Oc$W'0(t,C); (3.66) 

M(i)$(o)-0(t,C) = ^9f-$(°)'°(t,C) = -$(^)'°(t,C) (3.67) 

which is coherent with formula ()2.13p and the definition ()3.60p of p{Mi). The field 
is M-covariant if 6+95_$('')'^(t, C) = 9(^>('')'^(t, C) for every fi,^>0. But this is 
true for ^u, ^ = and \b^df^- , c^-] = , ac^- + db^da] = 0. Hence this is true for 

all values of ^, ^ by induction. 

• The action of Y(o) <I)(^)'? is correct by definition - compare with formulas ()3.44p 
and (|3.55p . One has Y(^i^^^f^'>''^ = because da^^^^'^ = 0, which is coherent with 
(121^ if one sets p(Yi) = 0. To prove that y^^^>('')'? = ft+^a^^^^'^ coincides with 
c)|,<J)(m)<C-i = 6+(9^_<I)(^)'?~^, one uses induction on ^ and the commutator relation 
[b'^da, adi- + {db^)da] = b^d^- . If this holds for some ^ > 0, then 

J- + ? 

= [(a55- + (95+)aa)(6+9-b-)$(^)'^-^ 
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1 



1 + e 
1 



(3.68) 



by (I335|). 

One has y(2)$('')'° = by (ICTD and, supposing that Y^2)^^^^'^ = di-da^'^^'^'^ coin- 
cides with -2$('^+i)'«~i = -2af$('^)'«-i = a|_^>(^)'«-i for some ^ > 0, then 



^B-a.^^'^^'^+i = -l^(95.5,)(a55- +96+5,)$('')'« = 552_c^('^)'« 



(3.69) 



by a proof along the same lines, since [c^-Sq, a5j;- + 9^+3^] = (9|_. 

Since iV^g) acts as b~^di,+ — b~di- on <I)(^)'^, it simply measures the difference of 
degrees in 6"*" and b~ (for polynomial fields which depends only on 6^ and not on 
their derivatives). Hence one sees easily that 7V(o)$('')'° = {20^ -j + k + 2/i)$('^)'°, 
which is formula (j2.15p . Then Yj-q) = ac?^- + {db^)da increases by 1 the eigenvalue of 
A'"(o), see (13.43j) . which is also coherent with (j2.15p . 

There remains to check for the action of i = 2,3. Supposing that L(^2)^^^^'^ = 
coincides with = p+a^- ^'^''^'^-^ for some ^ > 0, then 



1 + e 



had-^- + db+da){b-^d-b-)^^^^'^~^ + b+da<^^^^'^ 



(3.70) 



since (as we just proved) Y(i)<I)('^)'5 = = 6+9^-<I)('^)'?~^, one gets L(^2)^^'^^'^'^^ 



Finally, supposing that 2L(3)$('^)'« = (92+^_9a5+)$(^)'« coincides with -3$('')+i 

using the commutator relation [d^ + d^- dQi+ , ad/j- + ((96^)9a] 
355- and the above equality y(2)^>('')'^ = dh-da^^^''^'^ = one finds 



5-2 



|(a95+ + 56+9a)a52_$('^)'«-2 + 3a5-9a$(^)'« 



2 

(3.71) 



First note that 



^{j - m){k + 

i-1 



m>0 



m 



\j-m-l (v+\k+m-l 



m>0 



m 



+ i(j-i)E 



m>l 



i-2 

m — 1 



j—m—l ^^+^A:+m— 1 
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= -n^f]^-2Cp{M,)<^fl (3.72) 
by Remark 1. following Theorem 3.2.4. 

Hence one has identified the action of N(^i^ on ^^j^l'^ as the correct one. Suppose now 
that Af(i)$(0)'5 = (b+dQi+ + coincides with i5(;$(o),?-2 ^ ^^j^j _ l)^^}^^^ + 

jk^^^}_'^f,_^ for some ^. Then, by commuting 6+ 3^5+ +di+d^- through Yj-Q) = <^^- +56"'"(?a, 
one gets 



(3.73) 



1+e 



and Y(i)$('')'^ = 6+5a$^-°^'^ = O^^j'^'^ ^ as we have just proved, hence N(^i^^'^^^'^^^ is given 
by the correct formula. 

Finally, N(^2}^fk^ = ^-^96+^^°^'^ must be identified with — 9^^]'^'^"^ (which is certainly 
true for ^ = 0). Supposing this holds for some ^, 

^ ^ iadi-+db+da)dc^^''^'^-^ + di-da^^''^'^] (3.74) 



1+^ 



since 9^5+ , ac^- + = d^-da, we now use the previous result Y^2)^^'^^'^ = 

di-da^^'^^'^ = — 29,j$(°)'^~^ and conclude by induction. 

Theorem 3.2.5 (construction of the generalized polynomial fields a^j,k) 

1. Set 

3 



a^f):\w, = Y.{l)r: {h-y-^{h^f^^V^ : (3.75) 

m=0 ^ ^ 

and define inductively a series of fields ce^^'^^'^ = a^j'^'^ = 0) Ij 2, . . .) by setting 

C) = ^ : ^6- a^>^^^'^ : («^, C) (3.76) 

and 

^) = _1_ : (a5r + + «6+) : («;, C) (3.77) 

Then 

:= {a^^^\<i<j, a^^''\t,r,0 = a^^^^'H^X^^ (3-78) 



28 



defines a p-{Nq) k sf-primary field, p being the representation of sX)q defined by 



p{Lo) = - 



j + k + a 



■ 1 ^ 



piNo) = - 



{k - j)ld + J2 

^l=o 



i-i 

p{Y.)=iaV2Y,E^,^.+l 

tj.=0 



i-2 



p{M,) = --i-p{Y.)f = ^E,,,+2 

/i=0 



(3.79) 

(3.80) 
(3.81) 
(3.82) 



2. Set a* 

follows: 



{a^f'l)j,k=o,i,...- Then is a {p,Q,)-st) -primary field if p,^ are defined as 



p{No)a^fl = {j-k)^^fl- 



a $(0) _ ^(0) 



Remark. 

• The coherence between the two representations is given this time by: 

fc 

VV2J 



(3.83) 



(3.84) 



• One may write formally 

a^^^l = :e^pr{adi-+db+da + ab+) 

= lexparb"^ . expra^- . ex.p —db'^^dfj-^^f^'^ 



(3.85) 



Proof. 



The proof is almost the same, with just a few modifications. We shall follow the proof of 
Theorem 3.2.4 line by line and rewrite only what has to be changed. 
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• One has ^(i) „^>(^)'°(C) = aS^- „$(^)'°(C), to be identified with -p{Yi)^ ^^^"'^''^ ■ Hence 
one must set, in accordance with ()3.8ip 

v2 

so „<I)('^)+2''^ = —\dj^_ a<I>('^)'° as in Theorem 3.2.4, with a double shift instead in the indices 
i. 

Suppose now y(i) „^>(^)'« = (ft+aa+aaj- ) coincides with 9^ a$('^)'«~i-iaV2 a$^^^+^'^ = 

b'^^i^ a^'^^^'^'^ — ia\/2 Q<I>*^'^)+^'^ : then the commutator relation + ad^-^ad^^- + 

dh^da + ah'^] = b^d^- yields 

y(i) = (3.87) 

= b+di- ^^^'^^'^ - iaV2$(^)+i'«+i (3.88) 

Then Y(2) = d^-da and [di-da,Y{Q-^] = 5j_ as in Theorem 3.2.4, so covariance under Y{2) 
holds true. 

• The action of iV(o), iV(i), A^(2) on q^'^'') or o^j" \ Is exactly as in Theorem 3.2.4 since 
N = — ■.b'^b~ : does not involve neither the free boson a nor its integral. 

• One must still check for L(2) (nothing changes for -Z>(3)). Suppose that L^2) a^^^'''^ = 
b-^dgi++ada coincides with „$('^)'«-2-iQV2„$(^+i)'«-i = ^b+d-^- «$('^)'«-2-ia^„$(^)+i'«- 
Then, using 

[6+%++a9a,a^fe-+(a6+)aa+a6+]„«>(^)'« = (6+9^+05-,-) ^^^'^^'^ = c>c a$('^)'^"'-iaV2$^^+')'^ 

(3.89) 

(see computation of Yj-i) „<I)(^)''^ above) one gets 

(6+9^5+ + ada) ,<J'('^)'«+i = -^[(a^s- + idV)da + a6+)( Jft+Sg- .c^^^^^'^-^ - iaV2 „^>('^)+i'« 

= ife+a5-„$(^)'«-i-iaV2«$(^)+^'«. (3. 

□ 

We shall now start computing explicitly the simplest n-point functions of the sb-primary 
fields we have just defined. 



4 Correlators of the polynomial and generalized polynomial fields 

We obtain below the two-point functions of the generalized polynomial fields a^j,k (see Propo- 
sitions 4.1 and 4.2) and the three-point functions in the case a = 0, see Proposition 4.3 (com- 
putations are much more involved in the case a ^ 0). 
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Proposition 4.1 (computation of the two-point functions when a = 0) 

Set t = ti — t2,r = ri — r2,C = Ci ~ C2 for the differences of coordinates. Then the two-point 
function 

C(ti,ri,Ci;t2,r2,C2) := (0 | ^J^J.^Cti, n, Ci)$5°?,^(t2, ^2, C2) | 0) 

is equal to 

C{t,r,C) = 5,,+fc„,,+,,(-l)'=^ji! h\ ( ) t-(^-^+'^^)(C - ^^-^^ (4.1) 

if ji > ^2 CLnd else. 
Proof. 

We use the covariance of C under the finite subalgebra Pj,fc(-^±i,o)) Pj,k{Y^i), pj^j^^No). In 
particular, C is a function of the differences of coordinates i, r, C, only. Covariance under 

2 ^ ^ 2 2 

p{Lo) = - Y.m, + -ndr,) - - Y,{j^ + h), P{Y^) = -J2^^^r, + r,%, (4.2) 
i=l 1=1 i=l 

2 2 2 

i=l i=l 

yields quite generally (see [ST], [25] ) 

c = a5,,+,„,,+fc,t-(^-i+^^)/(c - ^) (4.4) 

for some function /. 

Suppose ji + ki = j2 + k2. Assuming the extra covariance under Pki^o) = — Yl'i=ii^i'^ri + 
2Ci5o) + (ji - fci) + (j2 - fcs) = -{rdr + 2C9^) + 2(ji - /cs), one gets vf{v) = [h - ^2)/, 
hence f{v) = v^^~^'^ up to a constant (see also Proposition A.l in Appendix A). The coefficient 

{—l)^^ji\kil ^ ^ may be obtained from the coefficient C of the term of highest degree in t 

(i.e. the least singular term in t) in the formal series in ri^2)Ci,2- Since Y(o) = + db~^da 
maps an L-quasiprimary field of weight, say, A into an L-quasiprimary field of weight A + ^, it 
is clear that C can be read from 

Co = (0 I 1>(°)'°(ti,ri,Ci)<J>(°)'°(t2,r2,C2) I 0) 

= XI C^""' ( ) ( ) (0 I : (r)Ji-™i(&+)'^i+™i : {ti) : (r)i2-™2 (6+)'=2+™2 : (t2) | 0) 

mi,m.2 ^ 1 / V 2 / 

(4.5) 

For the same reason, Cq must be equal to Ct~*^-'^^'^^-'(Ci — C2)''^~'^^- One gets immediately C = 
for ji < k2. In the contrary case, one gets C by looking for the coefficient of ^2^ ^'^ , which is 
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given by 



J2 

ji - k2 



Proposition 4.2 (computation of the two-point functions when a 7^ 0) 

Set t = ti — t2,r = ri — r2,C = Ci ~ C2 for the differences of coordinates. Write 



Then: 



(4.6) 

□ 



(4.7) 



(i) the two-point functions vanish unless ai = —02 and ji > k2 and j2 > ki; 
(a) suppose that ji = j2 := j, ki = k2 = and a := a\ = —a2- Then 



'-(a,j,0),(-a,i,0) - ^ 



' J {iaV2)'-^- i-taV2)'-^^ ^ r^ ^ r^ ^ 



E 



5=max(/ii,/i2) 



(5-^i)!(J-^2)! 



2t' 
(4.8) 



Remark. All the other cases may be deduced easily from formula (|4.8p since, if ji > k2 and 
j2 > ki and (without loss of generality) {j2 + ^2) — (ii + ^1) = A > 0, 



^MliM2 
{a,ji,ki),{-a,j2,k2) 



k.ii-t;^).k,(-l'^ 



(o| [(fc+95-)^^.ci>(;'0^_o 



k2 ff>(^2) 



j2+fe2,0 



0) 



(o| \dt4b^d,-)''^o.^ii,2,o 



[0 Cfb-} -Q*j2+fc2,0 



0) 



*V2)^ 



( Jl +ki\ / J2 + A:2 \ ^, / il + A^l + A ^ ^1 (a,i2+fc2,0),(-aj2+te,0) 



thanks to the fact that d^^^fl = b+dj,- c,<!>)'^> and a^)^^'> = -^ch^- a^'j^l 
Proof. 



(4.9) 
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We only prove (ii) since (i) is clear from the preceding computations. Applying Proposition 
B.l from Appendix B, with d = j + 1, Ai^2 = ° 2'' ' '^1.2 — ^'ioi\^ and A'^ 2 = ~3i one gets 
There remains to find the coefficients c^. Let us first explain how to find Cj. One has 



I ry^'-P 



a^jfl -a^l^fl I 0) - cji 



-^Y'iO I [{dh-y a<^f,i) [id-,-y ^^<!>^>) I 0) by Theorem 3.2.5 
-iy2-^{jlf{0\ „c^,W„,ci>W |0) 

-iy2-^{jlf{0 I : expanb+Vaih) : : exp -ar26+y_a(t2) : | 0) 



.(0) 



(4.10) 



By the same trick, one gets (by deriving j — e times with respect to b 



2t 



(_l).-2-(^--)(j(i - 1) . . . (e + 1))^(0 I .^^fl I 0) (4.11) 



and one may identify the lowest degree component in r - which does not depend on a, up to a 

2 

multiplication by the factor t~" ~ by setting ri = r2, 



(-l)-^2-0-) ^] t-\0 \ ^fl^fU 0) 



by Proposition 4.1. 

Proposition 4.3 (computation of the three-point functions when a = 0) 
The following formula holds: 



(4.12) 

□ 



($5.%(ti,ri,Ci)^>;-^;o(*2,r2,C2)$;3;o(i3,r3,C3)) = 7T 



,(0) 



(0) 



tu) \tl3) \t23 



+J3 - J2))!(|(i2 +i3 - ji))Ki(ii +J2 - J3))! 

|(i2+j3-ii) 

(4.13) 



where Cij ■= dj - 2i~- 
Remark. 

All three-point correlators for the case a = can be obtained easily from these results by 
applying a number of times the operator S+Qj- or equivalently 9^. 
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Proof. 

Denote by C{ti,ri,C,i) = n, Ci)^j2(*2, r-2, C2)^j3(*3, ''s, Cs)) the three-point function. 

By Theorem A. 3, 

c = ct^2hih^{^uL(li + r(ei2, ei3, 63)) (4.14) 

where C is a constant, a = ii±|^,/3 = ii±2pn^^ = h+.h-.n ^ ^nd F = r(a2,63,63) is any 

linear combination (with constant coefficients) of monomials ^f2^23^3i with (a',/?', 7') / (a,/?, 7) 
and a' + + 7' = . Suppose ts j^ti, t2 and look at the degree of the pole in in C considered 
as a function of ti,t2, and Ci; C2) C3- Each term in the asymptotic expansion of <J>j. in powers of 
Tj, is a polynomial of degree ji in the fields a, ,b^, 8^+ . The covariance C = ($i$2^3) may 
be computed as any polynomial of Gaussian variables by using Wick's theorem; calling a^j the 
number of couplings of $i with $j, an easy argument yields ji = ai2 + 013,^2 = ai2 + ^23, is = 
«13 + «23) hence in particular ai2 = a. Hence C has a pole in ^ of degree at most 2a and F 

may not contain any term of the type Cf2^23^3i with a' > a. By taking into account the poles 
in and 7^, one sees that F = 0. 

123 tl3 ' 

There remains to compute the coefficient C. By rewriting C as 

C= Yl Ca',f3',YC^2&{^12 + 63 + 61)^', (4.15) 

and using ^31 = (^12 + ^23 + C31) — ^12 — ^23, one sees that C = Ca,/3,y Now a minute's thought 
shows that the coefficient of 

(C?C|C3")(r?r2°r2''^)t2t"tr2"ir3^ (4.16) 
in C is equal to {—iy/^2~'^Ca,/3,'y hence (using the asymptotic expansion of $1, $2 and $3 in 
powers of Q^i^i) Ca,i3,y ™ay be computing by extracting the coefficient of t2z'^^i2^\i '^"^ 

(0 I : (5-)^-^ : {t,) -.(^^^ {b-y^~-{b^r ■■ {t2) : f27)T^°^'' ( ^ ) ^ )^'^"'(^^)' ■ (^3) |0), 

and multiplying by (— 1)'^/^2~'''. Now the coefficient of r^'^ in exp 

rY^o) ■ {{b-y^-'^{b+f) is equal 

to 



E ■ 

i+2j=27 



.27 



j 



i+2j=27 



2-J 



{b-y^-'^-^{db+y{b+f 

idb+ya'{b+)^. 



(4.17) 



The terms with i > do not contribute to ,g ,y since a can only be found in the field with 
the variable ts and does not couple to the other fields. Hence 

Us-PV- 



Ca,l3,'yt2z'^'ti2^li ~ ( 1)"^^^ 



J3 
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P J iKh- P-lV- \ h-oi 
(0 I : {b-y^ : (ii) : (6-)^2-"(6+)" : (^2) : {db+yi^-''-l^{b+f : (ts) | 0). 

(4.18) 
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The first field (5 couples a times (resp. /? times) with the second (resp. third) fields, 
yielding {tY2)~°^{t\-^~^ times 

( ) «!(-l)"^!(-l)^. (4.19) 
There remains the coupling of the second and third fields, namely, 

(0| : (6-)^'^-°(t2) : (96+)-^/'-"-^ : (is) (4.20) 

which yields times ^ jj^I^- P ) ^"^^^ " " ~ /3)!(-l)^2-". 
All together one gets 

^ iUh +h-j2))KUh+j3-ji))KUh +i2 -is))!' ^^'^^^ 

Hence the result. 

□ 

5 Construction of the massive fields 

All the fields constructed until now involve only polynomials in the unphysical variable In- 
verting the Laplace transform C : fj\4 'CfiO = Im^'^^ dM is a priori impossible since 
polynomials in (" only give derivatives of the delta-function 5m'- one may say that these fields 
represent singular zero-mass fields, which arc a priori irrelevant from a physical point of view. 

However, we believe it is possible to construct massive fields by combining the above polyno- 
mial fields into a formal series depending on a parameter S and taking an analytic continuation, 
whose status is yet unclear. Let us formalize this as a conjecture: 

Conjecture: 

Massive fields may he obtained as an analytic continuation for 3 — ^ of series in ^j,k, a^j,k 
of the form 

j+k \ ^ — ^ j+k 



j,k>0 j,k>0 



aj^k'^ '2 <^j^kit,r,C) or ^ aj-,feH '2 ^^jf.{t,r,C) (5.1) 



for some X, with a non-zero radius of convergence in S ^ . 

The idea lying behind this is that the discrepancy in the scaling behaviours in t of the 
fields (namely, H~'^$j fc(t) behaves as {Et)~^ when t ^ 00 since ^j^k has Lo-weight 
^^) disappears in the above sums in the limit S — 0. As for the appearance of a massive 
behaviour in the limit H ^ 0, it is reminiscent of the construction of the coherent state e''^"^ |0), 
an eigenvector of the annihilation operator a in the theory of the harmonic oscillator. We hope 
to make this analogy more precise in the future. 
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Wc introduce in Theorem 5.1 and Theorem 5.2 below good potential candidates for mas- 
sive fields. Theorems 5.1, 5.2 and 5.3 show that all two-point functions and (at least) some 
three-point functions may indeed be analytically extended, and give explicit expressions for the 
corresponding ri-point functions of the would-be massive field. The missing part in the picture is 
a formal proof that all ra-point functions have an analytic extension to S — > 0. An encouraging 
fact is that the limit for H ^ does not seem to depend (up to a physically irrelevant overall 
coefficient depending only on the mass) on the precise asymptotic series. 

We made some attempts to prove the existence of the desired analytic extension by construct- 
ing the n-point functions as solutions of differential equations coming from the symmetries (for 
instance, the two-point function (V'!li'0-i)) see below, may be computed - up to a constant - 
by using the covariancc under scf);^ and under Ni, and it should be possible to compute more 
generally (V'f^V'rfj) ™ same way by induction in ^1,^2). This scheme may work, at least for 
the three-point functions, but it looks like a difficult task in general, involving a precise analysis 
of the singularities at S = of differential operators with regular singularities. 

In the case of the polynomial fields ^j,k, one obtains (up to an irrelevant function of M) the 
heat kernel in any even dimension (this is impossible for odd dimensions because the heat kernel 
then involves a square root of ti — t2 and one should use instead non-local conformal fields in 
the first place instead of the bosons). In the case of the generalized polynomial fields a^j,k, 
the two-point function is non-standard, which is not surprising since the a^j,k are themselves 
non-scalar. The exact form is new and involves a Bessel function. There are (to the best of our 
knowledge) no known examples at the moment of a physical model with a two-point function of 
this form. 

Theorem 5.1 (polynomial fields $j,fc) 
1. Let d= -1,0,1,... and S > 0. Set 




(5.2) 



Then the inverse Laplace transform of the two-point function 



C^{t,r,0 = (0 I </'j(ti,ri,Ci)(/'^(t2,r2,C2) | 0) 



defined a priori for 1, may he analytically extended to the following function: 



{c- 



^C^){M;t,r) = e^=*t-2'^-ie-^%. 



(5.3) 



When S — 0, this goes to the standard heat kernel Kid-\-2{t,r) =t '^^ ^e -^at . 



2. Let d = 0,1,... and E>0. Set 




(5.4) 
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Then the inverse Laplace transform of the two-point function (0^0^) may be analytically 
extended into the function A1e'^"*t~^'^e~'^2t . When S — ^ 0, this goes to M. times the 
standard heat kernel K^^^it^r) = t~^^e~'^2i . 

3. (same hypotheses) Set 



oo 



3 



V'fd ■■= E i'^-r^^SU+i,2d+i- (5-5) 

Then the two-point function (V'd^d) has an analytic continuation to small H. The inverse 
Laplace transform of its value for S = is equal (up to a constant) to A^^'^"'"^i^^4ci_2(t, r). 

4- (same hypotheses) Set 

Then the two-point function {ip^ip^) has an analytic continuation to small E. The inverse 
Laplace transform of its value for B. = is equal (up to a constant) to M'^'^'^^ K4^(t, r). 

Remark. One may also define 

oo 

for d odd, but similar computations (using a different connection formula for the hypergeometric 
function though, see proof below) show that its two-point function is equal (up to a constant) 
to that of V'd+D i-e- (up to a polynomial va. M.) to K2d- (Note however the strange-looking but 
necessary shift by ^ in the powers of S in the expression of the V'^ '^i^'^ odd index d with respect 
to those with an even index). Hence the need for ip^^. 

Proof. 

Note first quite generally that, if Kd{M.:,t,r) := ^ ^^j^ is the standard heat kernel in d 
dimensions, then 

LiM'-Ka^M-.t, r)) = (^r'^/' - c) = {-ir^'nlt-"/' (^C - Q " ' • (5-8) 
We shall use the notation ^ := — r^/2i in the proof. 

1. The Laplace transform of the function g!^\M;t,r) := e'^=*t-2<i-ig-Xit ig equal to 

1 oo 2 

{Cg^'^){t,r,0 = = _^(_l).s-^-H-2('^+i)-^(C^ ^)^- 

(provided that the series converges, or taken in a formal sense). Then Proposition 4.1 
shows that the two-point function of the field (p^ defined above is equal to this series. 
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2. Set ~g''^\M]t,r) ■= Me^^H-'^'^e-^^ : then 



.M^t+-2d^-M^ . 



i=i 

is easily checked to be equal to the two-point function {<p^4>d)- 
3. Set 

where d^^ = f^dt is the integration operator from to t. Then Proposition 4.1, together 
with the duplication formula for the Gamma function, yield 



j>0 



n2 



1 2^^+^'^+^ ^ r(j + d + i)r(i + d + 1) 



2\3 



j>0 



r(i + 1) 



--^r(d + l)r(d + -) 2F,{d + 1, d + -; 1; - (^^ 



(5.9) 



which is defined for H ^ 1. The connection formula (see [2\, 15.3.3) for the Gauss hyper- 
geometric function 2F1 



2Fi{a,b,c;z) = {1 - zf-"^^ 2Fi{c - a,c - b;c; z) 



yields 



2Fi(d+l,d+^;l;-(^)2) 



1 + 



-2d- 



2Fi{-d,-d--;l; 



(5.10) 



). (5.11) 



The hypergeometric function on the preceding line is simply a polynomial in H ^ since —d 
is a negative integer. By extracting the most singular term in H^^, one sees that 

d\ 

Hence 



1= 



^0 ^_l)'ii!ir(d+ ^)2H2'^+3^-2<i-3^2d+2 



(V'd V'd > ^s^o (- 
4. Same method. 



^^ A2d + 2)\d\ ^^^3^2^-2d-3^1-2d ^ (_i)rf+l^r(rf+^2^(^2d+2^^^_^(^.^^^)^_ 

47r 2 47r 2 



□ 



Theorem 5.2 (generalized polynomial fields a^j,k) 
Let a G M and E> 0. 
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1. Set 

Then the two-point function 

C~{t,r,C) = (0 I a<t>^{tl,n,Cl)-a<f{t2,r2.X2) \ 0) 

has an analytic continuation to small S, and its inverse Laplace transform at S = is 
equal to 

CM{t,r) = -^l-'^%-■^'•'/2*/o(2|a|^/^^727^) (5.13) 
where Iq is the modified Bessel function of order 0. 

2. Set 



^ J 2 



„r := J](-iy^-^.$go- (5-14) 

Then the same results hold for the two-point function (aV^-aV'") (w an overall mul- 
tiplicative constant). 

Remark: if one replaces a with ia, then the two-point function involves this time the Bessel 
function Jq. 

Proof. 

1. By applying Proposition 4.2, one gets 



n=0 ^ ^ (5=0 ^ ^ ^ 



The function 



n-\-S 



(5=0 (5=0 ^ ' 

is entire and admits a Laplace transform 

^(A) = £/(A) = / f{y)e-^y Ay = yA ^ M ^'"'^ = t(1-VA)-"-' = A"(A-l)-"-i 



= £/(A)= / f{y)e-^ydy = Y,( 
•^0 5=0 ^ 



n / A 
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which is given by a converging series for A > 1; by inverting the Laplace transform, one 
gets 

An apphcation of Leibniz formula gives 



1 ^ ' 



fc=0 



k k\' 



By putting everything together and setting y = one gets 

/ 



C(t,r,C) 



ra=0 



k=0 



kl 



2 2 \ 

a r ^ 



\ 



e 2t^ 



r"' ^ 1 



E 



n=k 



S E fc! 

fc=0 

By comparing with the generating series 

OO / OD 

EE 



(5.16) 



fc=0 \n=k 

one gets 



n 



^'-E«"E :>'-EKi+^)r-r^E 

n=0 fc=0 ^ ^ n=0 fc=0 ^ ^ 



C(t,r,C) 



exp 



-a 



1 



t \C-r^/2t-Et 



(5.17) 



C-r2/2t-Ht 

One finds in [14j C-^{\-^e"'^^){t) = /o(2\/at), a > (mind our unusual convention for the 
Laplace transform with respect to the mass Ail), where Iq is the modified Bessel function 
of order 0. Hence 

CM{t,r) = -ti-"'e-^=*e-^'^'/2*/o(2|a|/M7V^). 



2. The method is the same but computations are considerably more involved. Set y := 
and X = Applying Proposition 4.2 yields this time 



Q,i OO 

C{t,r,C) = ^Yl 



n=0 



C-rV2t\" 



Et 



E (-1) 

5>0,<5+n=0[2] 



n+l ((n + 5)!)2 



n![(i(n + 5))!]2(5!)2 V Ef^ 



1 2 \ <5 



Let h(X) be the Laplace transform of C with respect to y. Formally, this is equivalent 
to replacing y^ jbl by A^'^^^. Separating the cases n, 5 even, resp. odd, and using the 
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duplication formula for the Gamma function, one gets 

„2n °° 



h{X) 



oo 
n=0 

1 

oo 
n=0 



^ (2n)! r(m+i: - ■ 

,n=0 ^ ' m=0 ^ 2 ' 

2n+l °o 



(2n + 1) 



r(m + |)m! A 
r(n + m + I 



3^2 \ 2m+l 



m=0 



r(m + l)r(m + f) V'^ 



2n 



V-/ .Nn / 1 114 r(n+ 

B-ir(^^^i("+2'"+2^2^-A^^^Xl) 



,n=0 

^ , 3 3 3 4 ,2r(n + 1)2 



X 



(2n + 1) 



2' 2' A2'A T{\ 



(5.18) 



■—^ — 5-(Ti(A) + T2(A)) where (using once more the duplication formula and 



Hence h{\) 

connection formulas for the hyper geometric function) 



ri(A) = ^(i + ^)-^5](-i) 



.4)-* (i)^" 



n=0 



(l + ^)-'"2i^i(-n,-n;i;-i^; 



and 



T2(A) = -0Ff (1 + ^)-i . E(-ir^(f + 4)-^" 



n=0 



3 4, 
2Fi(-?7., -n; -; -— ) 



2' A2' 



These hypergeometric functions are simple polynomials since they have negative integer 
arguments; however, the sum obtained by expanding these polynomials looks hopelessly 
intricate. We use instead the following formula 



E 



(c) 



2n / „,2Nn 



n=0 



n! a 



{-v'T 2Fi{-n,l-a-n;b;u') 



na+fe-c-2,l-b„-c£W£(^ 

r(c) 



Ja-i{w)Jb^i{uw)eyip{-^)w'' ^+^dw, 

2v 



(5.19) 



(see dS], formula (65.3.11)), valid if Re (c) > 0, Re {v) > 0, Re (^ ± iu) > 0, Re (a + 
6 + c) > 0. 

Hence 

Ti{X) = -2x-^V^{l + ^)^ dwJo{w)cos'h{^)exp(^-2wx-\l + ^)^ (5.20) 



and 



r2(A) = -2x"^0r(l + ^)^ ^ dwJo{w) sinh(^) exp (^-Iwx^^ 



(1 



A2 



(5.21) 
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By applying the following formula [16 



(Laplace transform of the Bessel function) and expanding the cosinh and sinh functions 
into exponentials, one gets 



and 

T2 = 



, 2 2 , 4 



. (2 2, 4 



(5.22)' 



2\ ^2 



,'2 2, 4, 



Using 



l + -)i 



,2 2 , 4 , 



2\ ^2 



(5.23) 



(5.24) 



and the inverse Laplace transform 

1 



£-1 



one gets 

hence 

C(t,r,C) 



VaA2 + 2bX + cJ Va V a 



/i(A) = - 



(5.25) 



exp 



1 + 4)A2-^A + ^ 



Jo 



2^2 



1 / \ 



(5.26) 



which is (up to a constant) exactly the same expression we got for the two-point function 



□ 



We did not manage to compute explicitly the three-point functions {'^^1'^%'^%) except in 
the simplest case di = d2 = = —1 (see the remark after Theorem 4.1 for the definition of 
tp^i)- One obtains: 
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Theorem 5.3 

Let 

C= := (V'-i(ii,n,Ci)^-i(i2,r2,C2)V'-i(i3,r3,C3)) (5.27) 
he the three point-function of the massive field 

OO „ _ o i 

3=0 

defined in Theorem 5.1. Then 

-.-.0 a f (5.28) 

\a2?23q31/ 

where ^ij := Qj - 

An inverse Laplace transform of with respect to the (^-parameters yields the following 
three-point function in terms of the masses : 

(5.29) 

Proof. 

Let XI = X2 = and = 1 /31^32*12^ _ -jhen Proposition 4.3.3 yields 

tl2tl3?23— ' t23l21C31=' t31t32?12=. •' 

c^:=E-i y ^(2m2n)\ y ± . 

Juh>0 \h-h\<h<h+h - J2)!(jl + J2 - J3)!(J2 +j3-3iy. 

(5.30) 

Write 

^ = (_i)i3-ji-i2 lim £r(j3 - ji - h + e). (5.31) 



This form of the complement formula for the Gamma function is valid whatever the argument. 
Then 

C= = S-i ^(2ii)!(2i2)!/3(ii,j2;a;3) (5.32) 

where (by using also the duplication formula for the Gamma function) 

/3(ji,j2;a;3) = (-l)-^i^-'Mmie > (-4x3)-^^ ^ — ,. . . , . , . . ^-TTT^ 

^-^0 f-^ 0r r(j3 + Ji - J2) + l)r J3 + (j2 - Jl) + 1) 

^(_iyi+i2 (^4x3)^' r{j + lii - j2\ + ^)r(j - 2min(ii, j2) + e) 

f^o r(j + 2|ji-j2| + i) 

= (-i)^^'^ (_4^3yii-i2| 2A(|ji - J2I + 2min(ii,i2);2|ji - J2I + i;-4x3) 

(5.33) 
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The symbol 2-^1 stands for Gauss' hypergeometric function apart from a different normalization, 
namely, 

, , r(a)r(6) , , v^r(a + n)r(6 + n)z" , 

i c i c + n n! 

Now the well-known formula connecting the behaviour around with the behaviour around 
infinity of the hypergeometric function, see [2] for instance, yields 

2^i(|ji -i2| + - 2min(ji, j2);2|ji - j2| + 1; -4x3) 

M ,11, , 3 1, 

= r(e - - j2 - -) ^_ j - J2I + -, - - bi - J2I; + J2 + -; -^) 

r(g-2min(ii,j2))r(ii+j2 + |) /J_N 
r(2max(ii,j2) + l-e) U^3, 

2Fi(-2min(ji,j2), -2max(ji, j2); 2 " Ji ~-^2;-^)- (5.35) 



In the limit e — > 0, only the second term in the right-hand side has a pole, r(e— 2 min(ji, J2)) 
r(i+2mL{ii,i2))I' lience 

(4x3)^'^+^'^ r(ji+j2 + i) p. _ _ 1 . . 1 . 

-^3 = j= ^-r/1 ^ T \ 2-Fi -2ji,-2j2;- -Ji -J2;-^) (5.36 

Vvr r(l + 2ji)r(l + 2j2) 2 4x3 

and 



Sr (4X1X3)^H4X2X3)^V , • ^ • ^ ^ P r 9 • • • 1 -^7^ 

C = > -r-j r Ji +J2 + 2i^i -2ji,-2j2; - - ji - j2;-;^ . 5.37 

Jib2! 2 2 4x3 

Kummer's quadratic transformation formulas for the hypergeometric functions give (see [2], 
15.3.22) 



Fi(-2ii, -2i2; - ji - J2; -^) = 2i^i(-ji, -J2; 7. - Ji - J2; l - (l + —f). (5.38) 



4x3' ^ •' 2 ^ 2x3' 



Now for any /3 

E ^%(ji+i2 + /3) = J^^r(ji+/3)(l-y2)-^'^-'' = r(/3)(l-yi-y2)-^. (5.39) 

Applying this formula to each term in the series expansion of the above hypergeometric 
function yields 



44 



^z. k\ ^ — m nii+i2 + {k+^)) 

k>0 li,l2>0 
•v/TT — ' Kl 1 



fc>0 

= S-i (|l-4x3(xi+ X2) + 16x^X1X2(1 -(1 + ^)2) j 

3 1 

= S~2 (1 — 4xiX2 — 4xiX3 — 4x2X3 — 16x1X2X3)" 2 (5.40) 

hence the hmit when S — > 0. 

Casting this result into the usual coordinates (A^,t, r) (i.e. taking an inverse Laplace trans- 
form) is a technical task, although some partial results are available through the usual results 
in conformal field theory (see Remark after Theorem A. 3 in the Appendix). 
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Appendix A. Two- and three-point functions for general coin- 
duced fields 



Let i = 1,2,... be scf)x-quasi-primary fields. The general problem we address in this Ap- 
pendix is: what is the most general n-point function (0 | ri, (^i) . . . r„, C„) | 0) 
compatible with the constraints coming from symmetries ? 

It has been solved in general (see [211 [231 [23] s-^d [3], Appendix B) for scalar massive 5cf)i- 
quasi-primary fields, i.e. for fields such that the representation p of 5Do = (^o) ^ O^ii^'h) 
is one-dimensional, namely p{Lq) = —A (where A is the scaling exponent H of the field) and 
piYi) = 0. Note that in the whole discussion, the value of piMi) is irrelevant since Mi does 

2 

not belong to 5c\)i. Let us recall the results for two- and three-point functions. In the following 
proposition, we also consider the natural extension to scalar scfj^-quasi-primary fields: 

Definition A.l 

A scalar (A, A')-quasi-primary field is a p-5c\]i-quasi-primary field for which p is scalar, with 
p(Lo) = -A, p(No) = -A' and p(Yi ) = 0. 

2 

When speaking of two-point functions, we shall generally use the notation t = ti — t2, 
r = ri — r2, C = Ci ~ C2- The notations u = r'^/2t, ^ = ( — u = ( — r^/2t will also show up 
frequently. 

Note quite generally that the Bargmann superselection rule (due to the covariance under the 
phase shift Mq), as mentioned in the Introduction, forbids scalar massive fields $i, . . . , with 
total mass M = Mi + . . . + Mn different from to have a non-zero n-point function. 

Proposition A.l 



(i) Let ^1^2 be two scalar set) i- quasi-primary fields with scaling exponents Xi^2- Then their 
two-point function C = {^i{ti,ri,(^i)^2{t2,i"2,C2)) vanishes except if Xi = X2 ='■ X, in 
which case it is equal to 

C = t-'V(C-^) (Al) 

where f is an arbitray scaling function. The inverse Laplace transform with respect to Q 
gives (up to the multiplication by an arbitrary function of the mass) for fields with the 
same mass M a generalized heat kernel, 

C = 5(7W)t~2Ag-A^i^_ (A2) 

(ii) Suppose furthermore that <^i 2 are (Aj, X[) — 5c\]i- quasi-primary , i = 1,2, with Ai = A2 =: A 
(otherwise C vanishes). Then the two-point function is fixed (up to a constant), 

C = t-'\C--r^. (A3) 

■^Physicists usually call 'scaling exponent' 2A —: x instead of A. For instance, the Schrodinger field defined in 
the Introduction has scaling exponent A = i or s = i depending on the convention. 
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The inverse Laplace transform with respect to C, of this function yields (up to a constant) 

C = M^^-H-^^e-^^ . (A4) 

(Hi) Let $1,2,3 be three scalar sci)i-quasi-primary fields with scaling exponents Ai,2,3. Then 

C = {<^i{ti,ri;Mi)<^2{t2,r2;M2)'^3{t3,r3;M3)) 

= s{Mi +M2+ 7W3)iir^'"^'*2r^'"^'4'"^'~^' 

Mirf^ M2r^^] ^ An3*23 - ^23*13^^ 



exp 



2 tis 2 t23 



F 



^12*23*13 

(A5) 



where F is an arbitray scaling function. 



Note that the A/o-symmetry constraint is necessary to fix (up to a constant) even the two- 
point function in the variables (t,r, (^), contrary to the more rigid case of conformal invariance 
which fixes two- and three-point functions. That is the reason why we consider fields that are 
covariant under the extended Schrodinger or Schrodinger-Virasoro algebra. 

The non-scalar fields considered below are actually the most general possible for finite- 
dimensional representations p (see discussion before Definition 1.4), since one does not consider 
p(Mi). 

Theorem A.2. (two-point functions for non-scalar fields) 

Consider two d-dimensional representations pi, i = 1,2 o/sDq = ((-^^o) ® (-^0)) ^ (^ij-^i) 
indexed by the parameters Ai,2, A'^ 21 0^1,2 such that 



PiiLo) = -Xild + '"^z^./^' '^'^ (^0) = -^i^^ - J2 ^^/^.M (A6) 

d-2 

Pi{Y^) = a,Y,E^,^^+l (A7) 

Let^i = (^*f (i, J', C))/i=o,...,(i-i; be Pi- quasiprimary fields, i = 1,2. Then their two-point functions 
^ ($(^)(f^,ri,Ci)$^(t2,r2,C2)) vanish unless 2(Ai - A2) is an integer. Supposing that 
Ai = A2, they may be expressed in terms of d arbitrary parameters cq, . . . ,Cd-i as follows: 

where A = Ai + A2 (= 2Ai here) and A' = X'l + A2. 

Remark. The assumption Ai = A2 is no restriction of generality: supposing that A : = 
2(Ai — A2) is (say) a positive integer implies a shift in the index p with respect to v in formula 
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(jASP and restricts the number of unknown constants. By working through the proof of this 
Theorem, it is possible to see that the C^''^ vanish for max(//, u) > d — 1 — A (hence ah of them 
vanish if A > d) and that the other components depend on d — A coefficients. 

Proof. 

First of all, invariance under translations p{L^i) = —dt, p{Y_i) = —dr,p{MQ) = —5^ implies 
that C^''^ is a function of the differences of coordinates t, r, C only. Set A = Ai + A2, A' = A'^ + A2; 
we do not assume anything on Ai — A2 for the moment. Let us write the action of p{Lq) = 
—tdt — ^rdr + Pi{Lq) Id + Id ® P2{Lo) on C'^''^ . By definition, one has 

{tdt + ^ra,)^^'^ = (-A + ^)C'^'- (A9) 

hence 

C^" = /^''^(C, u)t-^-^^ (AlO) 

2 

where u := Then invariance under p{Yi) = —tdr — rd(^ + piiYi) (g) Id + Id (X" P2(Xl) implies 

{tdr + ra^)C^''' 

hence 

The solutions of the homogeneous equation associated with ()A13P are the functions of ^ := 
C, — u. In the new set of coordinates equation (|A13p reads as 

V2^5„r''^(e,n) =air+i''^(e,n) + a2r'"+'(e,n). (A14) 

These coupled equations are easily solved. First, duf'^~^''^~'^{^,u) = 0, hence g'^-^^'^^^ ■,= 
jd-iA-i -g ^ function of ^ only. It is clear by decreasing induction on p and u that the general 
solution may be expressed in terms of d? undetermined functions g^''^{^), < < d — 1, 
through the relations 

r'^(^,n) = ai / f'^'^l^^''^ du + a2 [ ^'^''^^1^' du +g'^''^{0 (A15) 
J y lu J \'2u 

Let us now use covariance under p{No) = —rdr — 2(^5^ + pi{Nq) Id + Id (8) p2iNo): one gets 
2{udu + ^d^)F'''{t u) = -iX' + p + u) 

hence 

this implies immediately (7"'^^''^^^('^) = up to a multiplicative constant. Then 

A' + u + i'+I I 1 t 

^ fi^+i,i^(i_\ 

J ^ du is homogeneous of degree — (A' + ^ + z^) with respect to 2{udu + ^5^), 



= pi(y.)fc'''^ + p2(y|)rc^'' (All) 

= aiC^+i'^ + aaC^''^^^ (A12) 
= a,r+''''{C,u) + a2F'''^\C,n). (A13) 
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hence the defining relations ()A15P are compatible with covariance under p{Nq), provided that 
9^''^\0 = C ^ up to a constant. 

Covariance under = -Yli=i(.t^tdu+tiridr^ + ^rfdQ) + {2tipi{Lo)+ripi{Yi))(g>ld + ld(g> 

{2t2P2{Lo) + r2P2{Y\)) is seen to be equivalent (after some easy computations) to the coupled 
equations 



1 



-iLv 



(A16) 



Using the above Ansatz (|A10p yields 



{"^^ + Ai - As) + udu 



r''^(e,n)=ai^/2^r+i''^(C,n). 



(A17) 



Applying this relation to ^''^ ^ = Cd-i-^ ( 2 ^) gives Cd-i = unless Ai = A2, which 
we assume from now on. Let us compute y^-^jd-i g^j^^ jd-i,d-2 i^gfore we cope with the general 

case; one may set Cd-i = 1 for the moment. Then f^~'^''^~^{^,u) = (ai\/2u + c\/^)^~^~^'^^^^ 

must satisfy (i +udu)f-'^''^-'^i(.,u) = aiV^^C'-^^'^'^^ ■ The function piV2^C^^^'^'^^ is 
indeed a solution of this equation, and any other solution will be a linear combination of this 
with some function u~^h{^), hence c = and fd-2,d~-i jg totally determined by J'^-i.'^-i. On the 

other hand, f'^''^'^{i,u) = (a2\/2u + cV?)^^^^"'"^^ must satisfy {-\ + udu)f-^''^~'^{i,u) = 

ai^/2u£^~^~^'^^'^\ The general solution of this equation is 

f-^^'^~^{i,u) = V2^h{i) + aiV^{\nu)C^^+^-^\ (A18) 
Both Ansatze are clearly compatible if and only if c = 0. 

Let us now prove the general case by decreasing induction on max(/i, z^). Assume formula 
(|A8p of the Theorem has been proved for max(;U, i/) > M. Then formula (|A14p gives J*^'^ 
up to an undetermined function 5*^'^^(C) which is proportional to ^^'^ due to covariance 
with respect to p{No); it is compatible with formula (jASp and formula (lA17p . One may now 
go down or left along a line or a row: if for instance all yA^-*.*^^ i < I have been found to 
agree with (lASp . then formula (|A14p again gives in accordance with (lASp . up to an 

undetermined function g^'^~^^'^^ {£,)■ Compatibility with covariance under p{Li) (formula (|A17P ) 
gives (I + udu)g'^^'^^'^'{0 = 0, hence 5*^+^'*^ = as soon as / > 0. □ 



Let us now turn to the computation of the general three-point function for scalar quasi- 
primary fields. 

Theorem A. 3 
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Let ^i, i = 1,2,3 be X'^)- quasi-primary fields. Then their general three-point function 
C{ti,ri,Ci) = ($i(ti,ri,Ci)$2(i2,r2,C2)^3(i3,'^3,C3)) may he written as 

(A19) 

where F is any function 0/^2 := C12 - rf2/2ti2, 63 := Ci3 - ^'13/2*13, 63 := C23 - ^^23/2*23 which 
is homogeneous of degree zero, i.e. 

(ei2%2 + 63%3 + 63%3 )^ = 0. ( A20) 



Remark. 

In the case = 2Aj, F constant, one retrieves the standard result for the three-point function 
in 3d conformal field theory, with a Lorentzian pseudo-distance given (in light-cone coordinates) 
by d^{{ti,ri, Q), {tj,rj, (j)) = tijC,ij—rf -/2. The explicit connection between the n-point functions 
in the Schrodinger /conformal cases has been made in [23j and in [25]. In the last reference, an 
explicit computation of the three-point function in the dual mass coordinates Mi, i = 1,2,3 
is given - assuming covariance under the whole conformal group - in the case when Ai = A2, 
Ml = M2, ri = r2. The general result is a combination of two confluent hypergeometric 
functions. Note that in the present case, A^ 7^ 2Ai in general, but this leads simply to a different 
time-dependent pre- factor. The general conformally invariant solution in coordinates M,t,r 
(after removing the restriction on Ai,A^i,ri) might be given by a generalized hypergeometric 
function of two variables, see [28] . 

Proof. 

Set r = ri — r^, r' = r2 — r^ and similarly for t, t' and C; C- The covariance under the action 

of Lq, Yi, Nq and Li yields respectively 
2 

i i 
i 

(E ^^^'■^ + ^Ci^O + ^')C = 0, (A23) 

i 

(E *i + ^^'^^^-^ + + = (A24) 

i 

with pi{Lo) = -\i,pi{No) = -A-, and A := Y^i ^' = Yli K- The function 

P _ ^-Ai-A2+A3 ,"A2-A3+Ai ,-Ai~A3+A2 t5(^'*'i^'^2+A3) t5(~'*''2~-'*3+Ai^ ( 

— ^12 ''23 ''13 ?12 ?23 ?13 l^A^dj 

is a particular solution of this system of equations. Hence the general solution is given by 
Co{ti,ri,Q)C{ti,ri,(i), where Cq is any solution of the homogeneous system obtained by setting 
Aj, A'j = 0. By taking an appropriate linear combination of ()A2ip and ()A23p . one gets 

{E + E')Co = 0, (A26) 
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where E = tidt^ + rjS^. + Ci^Q is the Euler operator in the variables tj, r^, Q and similarly for 
E' . An appropriate linear combination of ()A2ip . ()A22p and ()A24p gives 



{t^dt + t'^df + trdr + t'r'dr' + ^r^S^ + ^r'2%)Co = (A27) 

Equation (|A22p is equivalent to saying that 

Co :=Ci(t,t',p,e,e') (A28) 

where 

P = ^ - ^, e = C - rV2t, e' = C - r'^/2t'. (A29) 



Equation (lA2T]) may then be rewritten 



{tdt + t'dt> - -pdp)Ci = (A30) 



hence 

Ci:=C2(r,r',e,0 (A31) 

where 

T = p'^t,T' = pH' . (A32) 

Equation ()A27p reads now simply 

{T^dr + T'^dr')C2 = ^, (A33) 

with general solution 

C2:=C3(--^,e,0- (A34) 
r r 

Set := Cii - rfj/2tij. Then 

J(--^)= 62 + 63 + ^31 (A35) 
z r r 

Hence the final result by taking into account the equation {E + E')Cq = 0. □ 
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